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BLUP

. Best Linear Unbiased Prediction (BLUP) is a
method of estimating random effects. U.S. dairy population & milk yield

- 10 000
* Invented by Charles R. Henderson (1950) to 25 7
estimate genetic merit of an animall ol |
(breeding value). z =
= 15 - =
« Has since been a routine geneftic evaluation £ [ R0 =,
and boosted genetic gain in livestock and g 10 - | A ;
i - - 2500
crop breeding. 1 PY—u.s. cows :
. . —U.S. milk
- Fundamental method in the era of genomic o ﬁ sl il
Se|ecﬂon 1940 1950 1960 1970 1980 1990 2000 2010
. Year
« Noft until recently adopted in human genetics S o T TR S e R

to predict PRS.
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(Reference population ) /Selection candidates )

Genomic Selection o~ —
e e ISR
et NN
Use dense DNA markers covering the whole &&& &&N&@
genome fo estimate the breeding value of Known @&
selection candidates for a quantitative trait. 8‘*3“}{"65 pager
\an phenotypes J ngnotypes /

1

« Require a large reference population Prediction equation
« Variance explained by individual markers is small Genomic breeding value = w

WiX) + WoXy + WaXae..

« Use large number of markers to simultaneously - ~
track all quantitative trait loci (QTL) e oeders

“Genomic selection” = “precision medicine” for animals s &
Using genomic
Qareedlng values Y,
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Genomic Prediction
(AKA polygenic prediction in human genetics)

« First step is to predict the SNP effects in a reference population
« Number of effects >>> than number of records

« E.g., 50,000 SNPs

* From ~ 2000 recordse

« Need methods that can deal with this

« Same problem in human genetics
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Linear mixed model

y=1,1u+Xa +e

Where
* yisavector of n phenotypes,

U is the mean,

X is an incidence matrix of individuals’ genotypes for all SNPs,
a are the effects of the m SNPs,

e is a vector of random residuals.

Assume SNP effects come from normal distribution with same variance
a ~N(0, 5,2), e ~N(0, 6.2
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Linear mixed model

N(O’ Gaz)
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Best linear unbiased prediction

To estimate random effects (Henderson 1950 & Robinson 1991).

Best: minimum mean square error within class of linear predictors
Linear: random variables a are linear functions of the data 'y

Unbiased: the average value of the estimate of a is equal 1o the
average value of the quantity being estimated

Predictor: to distinguish random effects from fixed effect estimates

CRICOS code 000258 7



Genomic prediction with BLUP

Linear mixed model

y=1,u + Xa + e
BLUP solutions

R A I
a X'1, XX+1/1

A=6.2/ 0,2

| = identity matrix (dimensions m x m)

CRICOS code 000258
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Genomic prediction with BLUP

Example: 10
Vi = U +2Xijaj te
j=1
« A “simulated” data set
« Single chromosome, with 10 markers
 Phenotypes “simulated”
« overadllmean of 1
« an effect for SNP 1 of 2 allele of 1
« normally distributed error term with mean 0 and variance 1
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Genomic prediction with BLUP

Example:
X
Animal Y 12345678910
1 0.19 000000120 2
2 1.23 100111210 1
3 0.86 100100111 1
4 1.23 111101211 1
) 0.45 011111210 1
10 SNPs

* Only 5 phenotypic records.

CRICOS code 000258 10



Genomic prediction with BLUP

Example:

Assume value of 1 for A
1, =[11111]

[g] B [1;’11;

Animal Y
1 0.19
2 1.23
3 0.86
4 IL.25)
5 0.45

X

152 5 4 S 56 B RS 59 BLO
000000120 2
1160 0 AL 11 | R 6 [
1| {00 L A KO I 0 11 R
1111 1S 0 2 IS
(0 ]ttt 2% ()

] ;y
xx+1/1
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Genomic prediction with BLUP

Example:
Animal Y
1 0.19
2 1.23
3 0.86
Assume value of 1 for A ‘5‘ (l)'i

1) =[11111]

X

152 5 4 S 56 B RS 59 BLO
000000120 2
1160 0 AL 11 | R 6 [
1| {00 L A KO I 0 11 R
1111 1S 0 2 IS
(0 ]ttt 2% ()

X c ,
[glz[an xx+1/1] [ny
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Genomic prediction with BLUP

Example:
A 1 11 1/ /4
U n in nyY
[&] X'1 X'X + I/l] [
n

5 3 2 2 4 2 3 8 6 2 6 3.96
3 4 1 1 3 1 2 5 3 2 3 3.32
2 1 3 2 2 1 2 4 2 1 2 1.68
2 1 2 3 2 1 2 4 2 1 2 1.68
4 3 2 2 5 2 3 7 4 2 4 3.77
2 1 1 1 2 3 2 4 2 0 2 1.68
3 2 2 2 3 2 4 6 3 1 3 2.91
8 5 4 4 7 4 6 15 9 3 9 6.87
6 3 2 2 4 2 3 9 9 2 8 415
2 2 1 1 2 0 1 3 2 3 2 2.09
6 3 2 2 4 2 3 9 8 2 9 415
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Genomic prediction with BLUP

Example:
T 1.'1 1, X !
U n 4n nyY
[&] [ X'1 X' 1/1] [
n
5 3 2 2 4 2 3 8 6 2 6 3.96
3 4 1 1 3 1 2 5 3 2 3 3.32
2 1 3 2 2 1 2 4 2 1 2 1.68
2 1 2 3 2 1 2 4 2 1 2 1.68
4 3 2 2 5 2 3 7 4 2 4 3.77
2 1 1 1 2 3 2 4 2 0 2 1.68
3 2 2 2 3 2 4 6 3 1 3 2.91
8 5 4 4 7 4 6 15 9 3 9 6.87
6 3 2 2 4 2 3 9 9 2 8 415
2 2 1 1 2 0 1 3 2 3 2 2.09
6 3 2 2 4 2 3 9 8 2 9 415
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Genomic prediction with BLUP

Example:
A 1 11 1/ /4
U n 1n nyY
[&] [X’l X'X + I/l] [
n

5 3 2 2 4 2 3 8 6 2 6 3.96
3 4 1 1 3 1 2 5 3 2 3 3.32
2 1 3 2 2 1 2 4 2 1 2 1.68
2 1 2 3 2 1 2 4 2 1 2 1.68
4 3 2 2 5 2 3 7 4 2 4 3.77
2 1 1 1 2 3 2 4 2 0 2 1.68
3 2 2 2 3 2 4 6 3 1 3 2.91
8 5 4 4 7 4 6 15 9 3 9 6.87
6 3 2 2 4 2 3 9 9 2 8 415
2 2 1 1 2 0 1 3 2 3 2 2.09
6 3 2 2 4 2 3 9 8 2 9 415
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Genomic prediction with BLUP

Example:
) 1.1 1'X 111
U n 4n n nyY
[Z\l] [ X'1 X'X + 1/1] [X'
n Ay
5 3 2 2 4 2 3 8 6 2 6 3.96
3 4 1 1 3 1 2 5 3 2 3 3.32
2 1 3 2 2 1 2 4 2 1 2 1.68
2 1 2 3 2 1 2 4 2 1 2 1.68
4 3 2 2 5 2 3 7 4 2 4 3.77
2 1 1 1 2 3 2 4 2 0 2 1.68
3 2 2 2 3 2 4 6 3 1 3 2.91
8 5 4 4 7 4 6 15 9 3 9 6.87
6 3 2 2 4 2 3 9 9 2 8 415
2 2 1 1 2 0 1 3 2 3 2 2.09
6 3 2 2 4 2 3 9 8 2 9 415
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Genomic prediction with BLUP

Example:

A 1 11 1/ /4

U n 4n nyY

a X'1 X'X + I/l] [

n

5.96 -0.46 -0.04 -0.04 -0.81 -0.31 -0.01 -1.01 -1.19 -0.50 -1.19 3.96
-0.46 0.65 0.11 0.11 -0.11 0.08 -0.06 -0.06 0.11 -0.18 0.11 3.32
-0.04 0.11 0.72 -0.28 -0.03 0.04 -0.11 -0.11 0.03 -0.07 0.03 1.68
-0.04 0.11 -0.28 0.72 -0.03 0.04 -0.11 -0.11 0.03 -0.07 0.03 1.68
-0.81 -0.11 -0.03 -0.03 0.83 -0.09 -0.05 -0.05 0.17 -0.09 0.17 3.77
-0.31 0.08 0.04 0.04 -0.09 0.68 -0.12 -0.12 0.09 0.24 0.09 1.68
-0.01 -0.06 -0.11 -0.11 -0.05 -0.12 0.76 -0.24 0.05 0.07 0.05 2.91
-1.01 -0.06 -0.11 -0.11 -0.05 -0.12 -0.24 0.76 0.05 0.07 0.05 6.87
-1.19 0.11 0.03 0.03 0.17 0.09 0.05 0.05 0.83 0.09 -0.17 415
-0.50 -0.18 -0.07 -0.07 -0.09 0.24 0.07 0.07 0.09 0.68 0.09 2.09
-1.19 0.11 0.03 0.03 0.17 0.09 0.05 0.05 -0.17 0.09 0.83 415
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Genomic prediction with BLUP

Example:

Mean
SNP1
SNP2
SNP3
SNP4
SNP5
SNP6
SNP7
SNP8
SNP9

SNP10

0.47
0.29
-0.05
-0.05
0.08
-0.02
0.13
0.13
-0.08
0.11
-0.08

“Smear” the effect over SNPs in LD!
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Genomic prediction with BLUP

Now we want to predict breeding value of a group of young animals without
phenotypes (GEBV = genomic estimated breeding values).

[GEBV = PRS in human genetics]
GEBV = X«
We have the @, and we can get X from their genotypes (after genotyping)......

Progeny X
1111111210 1
2100111110 1
3100111210 1
4100112210 1
5000000120 2

CRICOS code 000258 19
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Genomic prediction with BLUP

GEBV

GEBV = Xa&

X a GEBV
111111210 1 0.29 0.48
100111110 1 -0.05 0.45
100111210 1 -0.05 0.58
100112210 1 0.08 0.71
000000120 2 -0.02 -0.19

0.13
0.13
-0.08
0.11

-0.08
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Best linear unbiased prediction

To estimate random effects (Henderson 1950 & Robinson 1991).

Best: minimum mean square error within class of linear predictors
Linear: random variables a are linear functions of the datay

1.23
0.45

lgnoring mean and other SNP _ X
~ Xy Animal Y 1
17 XA 0.19 0
= (0*0.19+1*1.23+1*0.86+1*1.23+ 0*0.45)/(3+1) 123 1
0.86 |
1
0

L AN W N =
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Shrinkage with BLUP

Linear mixed model

y=1,u + Xa + e

BLUP solutions

R A I
a X'1, XX+1/1

r=c.2/c,2is known as the shrinkage parameter
| = identity matrix (dimensions m x m)

CRICOS code 000258 22
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Statistical Science

2009, Vol. 24, No. 4, 517-529

DOI: 10.1214/09-STS306 .
nstitute of Mathematical Statistics, 2009

A nice properTy of BLUP Estimating Effects and Making Predictions

from Genome-Wide Marker Data

Michael E. Goddard, Naomi R. Wray, Klara Verbyla and Peter M. Visscher

i) Least squares ii) BLUP
P
507
g~ g =y e
* * /r/
£ &
s o
_r-‘_ﬂ-— 7 q. 4 // o
o _.f-""- * o *
YR s 2
o o - __./"‘:‘_‘;f_’ o o - f‘“’j/
4—"’——‘_'_-'-: .0'/
" ’./,'4
T o3
¢ of 57
o — 0’ <ol o <
/—‘f * 4
* '_//"r
SEPT
- - | y Z7
B
7
T T T T T T T T T T
-4 -2 0 . 4 -4 2 0 2 4
LS(b) BLUP(b)

A desirable property of a genetic predictor is that the regression of y on the
predictor has an intercept of zero and a slope of one.
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Best linear unbiased prediction

- Where do we get A from? If know g2, then know A.

« Can estimate total additive gene’ric variance and divide
by number of segments, e.g. o2 = o5 2 /m

 |f using single markers take account of heterozygosity

= ag/ZZp](l _pJ)

« Assumes SNPs capfture oII of genetic variance!
« Estimate with REML

« Bayesian approach

« Cross validation

CRICOS code 000258 24
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Genomic prediction with BLUP

* An equivalent model

« |f there are many QTLs whose effects are normally distributed
with constant variance,

« Then it is equivalent to replacing the expected relationship
matrix with the realised or genomic relationship matrix (G)
estimated from DNA markers in normal BLUP equations.

G; = proportion of genome that is shared (identfical-by-decent) between
individuals i and |

CRICOS code 000258 25
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Linear mixed model

Where
is a vector of n phenotypes,
y=1,u+Xa + e Yoo PIEnenP

U is the mean,

X is an incidence matrix of individuals’ genotypes
for all SNPs,

a ~ N(0, 5,2) are the effects of the m SNPs,
e ~ N(0, 6.?) is a vector of random residuals.

y=1l,ut+gt+e
where g ~N(0, G ¢,?)

CRICOS code 000258 26
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How to calculate genomic relationship matrix (GRM)

Rescale X to account for adllele frequencies

wij = (xij — 2p;)
V2pi(1—p;)
Then breeding values are g = Wa
And
Var(g) = WVar(e)W =WW' 0,2=G 0,°
Hence

G= % is the GRM, and o42=m 0,2 is the genefic variance

CRICOS code 000258 27
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Genomic Relationship Matrix (GRM)

[ b
@
o
Holstein reference n =781 <
©
o
\
Jersey reference n =287 < - 3
s
™~
Holstein validation n =400 < o
Jersey validation n=77 «}L s

28
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Off-diagonals of GRM in unrelated human
population

70 1

60 -

Square of z-score difference

1

-0.02 -0.01 0 0.01 0.02

Genetic relationship (adjusted estimate) Yang et al (2010 Nat Genet)

CRICOS code 000258 29



Genomic prediction with GBLUP

An equivalent model
y=1,u+2g+e

where
Var(g) = G 0,42

BLUP solutions

1.1, 1,7 ,
H _ o2| [InY
g Z1, Z'Z+G1 — Z'y

_ g -

CRICOS code 000258 30
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Genomic prediction with GBLUP

« Z matrix maps the phenotypic records onto the genetic values

* e.g. 5individuals with the first 3 having records

y —

Y1

Y3

V4
0
0

CRICOS code 000258

- To be predicted
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Equivalent models

* Model 1 - SNP-BLUP

y=1,u + Xa + e

21 -

* Model 2 - GBLUP

y=1,u+2g+e

0}
Z1, Z'7+G 1=

.-1

1,1, 15X
0.2
X1, XX+I—
0}
L a
1,1, 1,Z

2

2

O'g_

THE UNIVERSITY
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1,y
X'y

GEBV = X«

1,y
7'y
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Why use model 2 - GBLUP?

If number of markers >>> large than number of animals, more computationally
efficient

Calculate accuracy of GEBV from inverse coefficient matrix (amount of data in

estimatel)
* Prediction error variance PEV; = C%g? -
C= 2
« Accuracy ;2 = 1 — PEV; /o2 Z'1, Z'Z+G" %
g

* Very useful — can calculate how well we predict for individuals without their own
phenotype (e.g., young calves, people)

CRICOS code 000258 33



New wine in the old botlle
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nature

Explore content v  About the journal v  Publish withus v

nature > articles > article

Article | Open Access | Publishedf 17 May 2023

Polygenic scoring accuracy varies across the genetic
ancestry continuum

Yi Ding &, Kangcheng Hou, Zigi Xu, Aditya Pimplaskar, Ella Petter, Kristin Boulier, Florian Privé, Bjarni J.

Vilhjadlmsson, Loes M. Olde Loohuis & Bogdan Pasaniuc &

Nature (2023) | Cite this article

11k Accesses | 200 Altmetric | Metrics

0.8 1

Individual-level accuracy r?

Individual PGS accuracy
We defineindividual PGS accuracy as the squared correlation between
anindividual’s genetic liability, g, and its PGS estimate, g, following
the general forminref. 28:

o
o

o
IS

o
N

r2_ 11 ED(Var! |D(Xi! ! ))
T van(x')

| R=P0.%, P <1001

\J African

e East Asian

e European

® Hispanic Latino
American
South Asian

Unclassi! ed

PC2

PGS
training —>
population

»
>

PC1

GIA
* EA
© HL
SAA
* EAA
AA
Unclassi! ed

r2=0.8! 0.72d;

0.2 0.4 0.6 0.8
GD from training populatio n
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Genomic prediction with BLUP

* Moving from GBLUP to SNP-BLUP

« called Backsolving for SNP effects
a=XG1lg/m

e Can use in alternative form of GWAS

CRICOS code 000258 35



Examples of genomic prediction in practice

« Dairy breeding program
« Disease risk prediction in humans

CRICOS code 000258 36
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Dairy breeding program

Old......

: Year 1 Year 2 Year 3 Year 4 Year 5
Screen "00s of ~ 100 bull Daughters Daughters Daughters ~ 20 Bulls
calves on parental FEIVEE born mated milking chosen for
average ebv selected industry

wide semen
sales

CRICOS code 000258 37
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Dairy breeding program

Genomic....
Year 1 \ Year 2 Year 3 Year 4 Year 5

~ 100 bull Daughters Daughters Daughters ~ 20 Bulls

(o2 \V/=1S born mated milking chosen for

selected industry
wide semen
sales

~ 20 elite Semen from

Screen '000s of . .
| N bull calves elite bulls 3 yrs advanced genetic gain
CAlves ON genomIC pa IS IR R industry

breeding value  Kel=s\ IR R N
!

II#/ %

"$ = | Double rate of genetic gain
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Dairy cattle

Double rate of genetic gain

Selection Differentials - Daughter Pregnancy Rate

Offspring Year of Birth

Garcia-Ruiz et al. Proc Natl Acad SciU S A. 2016 113(28):E3995-4004
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Humans 'D CrOhnC)S disease Chen et al. 2017. BMC Medicine.

I Inflammatory Bowel Disease
I Affects 2 in every 1000 people (approx.)

I 68,000 IBD patients and 29,000 healthy controls from 15 cohorts, European descent
I 909,763 GWAS SNPs or 123,437 SNPs on the custom designed Immunochip

I Prediction methods:

0 Genetic profile risk scores (GPRS) constructed using effects of all SNPs from single -
marker association analyses

o GBLUP
o Elastic net (EN)

0 BayesR - Bayesian method that models SNP effects as a mixture of 4 normal
distributions.

CRICOS code 000258 40
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Humans 'D CrOhnC)S disease Chen et al. 2017. BMC Medicine.

o-1 : Assess value of predictions as
| “Area Under Curve” (AUC) from

5-fold cross-validation

09~

100F —
80

60|

a0l

True Positive rate (Sensitivity)

20:—

0-',lll’lll’Illlllllllll
T ’ 0 20 40 60 80 100

1 )
f @ $ j False Positive rate (100-Specificity)
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Predict risk of psychiatric disorders

PGC 1: 10K . PGC 2: 35K PGC 1:9K . PGC 2: 20K
Schizophrenia Bipolar Disorder
)
o
2 0.3
c
o)
Q
<
a
ke,
)
S 02
k=)
©
S
Q
i
D 0.1
o
c
i
I
o
8 0.0
< Q Z ) Q/ 6 o) QJ \ 2) QJ o)
S & & Q,»OQ @&""" S & @\'5\ 3 Q;Vo & Q,»QQ @\“* 3 @é@ é\'”\
N > > > & g O N A > > N S N O N
S O © @ 2 & 2 2 & O 2 @ & 2 S
N L X S X N R Q< L X & X & X N
N N 3 v N N N N 9 N D
O "% & O D Q¥ O Q S v O % QY
&L > o> L F @ © OGO R S LA
< & < 8 NS < S
& N\ N N
o v ) ¥
©) ©) O O
Q Q 4 4

Maier et al (2015) Joint Analysis of Psychiatric Disorders Increases Accuracy of Risk Prediction for Schizophrenia,
Bipolar Disorder, and Major Depressive Disorder. AJHG. (Not summary statistics) CRICOS code 000258 42



Summary [

BLUP

« Simultaneously estimate all SNP effects as random
o No need to prune on LD or select p-value threshold
o No need to know causal variants or biological function
« Assumes normal distribution on SNP effects with equal variance
« Unbiased estimates of SNP effects
« Equivalent models between SNPBLUP and GBLUP
* Provide per-individual prediction accuracy
* |Improved prediction accuracy in practice

CRICOS code 000258 43
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Practical 3: BLUP

https.//cnsgenomics.com/data/teaching/GNGWS23/model5/Practical3_BLUP.html
Log info the cluster

cd to your working directory in scratch: cd /scratch/[your folder]

You will learn how to construct BLUP equations using the toy example data set in R.

You will use GCTA to perform BLUP prediction in the simulated data set based on real genotypes.

I Compared to C+PT, does BLUP improve prediction accuracye Why or why not¢

CRICOS code 000258 44



Alternative view of BLUP

Consider linear fixed model

y=1,u + Xa + e

This can be written as

y=[1, X]|_|+e

Suppose we observe for each SNP

E S

Vi =@ T§

CRICOS code 000258 45



Least squares with additional data O e

Linear fixed model with additional data
! # $1r' *
n n
e e ]l D [
OLS Eguations

1

: -1
, | 0 , L= o0
]| DY | i | | RS (4
X' 1 1110, I.lla X I, 1|y’
0 In— 0 In—
! o o
1,1, 1,X |1 [ 1y
!/ / O-ez [fl\ — !/ *O-ez
X1, XX+I=|la Xy+y —
i o¢ | i o¢ |
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