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Best linear unbiased prediction (BLUP)

Linear mixed model

y=1,u+Xp +e

n

| = idenftity matrix (dimensions m x m)

A =0 /o
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 How to determine the shrinkage parameter A2
» Estimate the variance components using GREML
» Cross-validation with various input values for A

« Assumes SNPs effects are: . ﬂ
« all non-zero
« very small i .-

« normally distributed N J K

How realistic is ite




Bayesian methods I ey

« Bayesian methods can estimate all parameters including SNP effects
simultaneously

« Allow alternative assumptions regarding the distribution of SNP
effects

What are alternative distributions that make sense¢



Assumptions for SNP effect distribution T s

AUSTRALIA

Alternative distributions

Distribution of SNP effects

Small number of moderate to large Students t BayesA

effects, many small effects
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Assumptions for SNP effect distribution T s

Alternative distributions

Small number of moderate to large Students t BayesA

effects, many small effects
Small number of moderate to large Mixture, spike at zero, BayesB

effects, many zero effects Students t

Small number of small effects, many Mixture, spike at zero, BayesC
zero effects normal distribution

Many zero effects, proportion of small Multi-variate normal BayesR
effects, some moderate to large effects




Assumptions for SNP effect distribution T s
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BayesC BayesR

How to incorporate this prior knowledge in the estimation of SNP effectse
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Infroduction to Bayesian methods



Infroduction to Bayesian methods 0 S
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Bayes theorem

P(x|y)oc P(y|x)P(x)

R

Probability of Is proportional to Probability of ~ Prior
parameters x given data y given the probability
the data y (posterior) X (likelithood of of x

data)



Infroduction to Bayesian methods 0 S

Consider an experiment where we measure height of 10 people
to estimate average height

We want to use prior knowledge from many previous studies that
average height is 174cm with standard error 5cm

y = average height + e



Infroduction to Bayesian methods

Bayes theorem

P(x|y)oc P(y|x)P(x)
|

Prior probability of x (average height)
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Infroduction to Bayesian methods

Bayes theorem

P(x|y)oc P(y|x)P(x)

From the data

x=178

5.6 =3

/

Prior probability of x (average height)

|

0.09
0.08 |
0.07 1
0.06 |

2 0.05 -

5

8 004
0.03 |
0.02

0.01

0

160

165

170

175
Height

180

185

190



Infroduction to Bayesian methods 0 S

Bayes theorem

P(x|y)oc P(y|x)P(x)

Likelihood of data (y) given / I

height x, most likely x = 178cm  Prior probability of X (average height)
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Infroduction to Bayesian methods

Bayes theorem

P(x|y)oc P(y|x)P(x)

Lol

P(x|y) mean = 176¢cm L(y|x) P(x)

Height Height Height



Infroduction to Bayesian methods 0 S

AUSTRALIA

Less certainty about prior information? Use /ess informative (flat) prior

P(x|y)oc P(y|x)P(x)

AR

P(x|y) mean = 178cm L(y|x) P(x)

000000

Height Heigt . Heigt



Infroduction to Bayesian methods 0 S

AUSTRALIA

More certainty about prior information? Use more informative prior

P(x|y)oc P(y|x)P(x)

[l

P(x|y) mean = 174.5cm L(y|x) P(x)

Height Height Height



PGS prediction with Bayesian methods
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Model
y=1u+Xp +e
(~ N(0, ag) with probability 7
Bj <
=0 with probability 1 —

BLUP is a special case of BayesC when T = 1



Posterior inference on SNP effects

y=1u+Xp +e
\ ~ N(0,0%) with probability m
Bi {

' m =0 with probability 1 — 7
n (y — XB)'(y — XB) 1 B2
x (02) 2 expi— > 1_[ (aﬁz) 2 exp ——]2 T+ @o(1l —m)

20, i 205

SNP effect estimates: / \
B=E®lY) = | 8Pl

0

:J j (62) 7 ex { v XP) (zy_xm}l_[[(aﬁ)%xp{ }nwo(l—n)ldﬁl dBn

20,

P(Bly) < P(y|B)P(B)
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Posterior inference on SNP effects

20,

— —XB)'(y—X —
p=rm=] .| (ae>zexp{ Y2 Y ﬁ)}n[(gﬁz)zeXP{ }nwo(l—n)]dﬁl B

« Cannot solve directly -2 no closed form solution
« Estimates of parameters depend on other parameters

« Use Markov chain Monte Carlo (MCMC) algorithm!

20



MCMC algorithm O B

Markov chain

A sequence of samples where each sample depends only on the
previous one (memoryless). This property allows the algorithm to
gradually explore the distribution.

Monte Carlo

Using random sampling to perform numerical estimation, e.g.,
integrating over a probability distribution by averaging over samples.

21



MCMC algorithm O B

AUSTRALIA

Gibbs Sampling

A special case of MCMC 1o sample from posterior distribution of each
parameter conditional on all other parameters.

L2 - Iy

(a) . (b)

1

Iy

The key is to derive P(x4|x,) and P(x,|x)

Figure source

22


https://mikelove.wordpress.com/2008/09/08/visual-explanation-of-gibbs-sampling/
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To run Gibbs sampling, we need to derive the full conditional
distribution for each parameter

° P(,Ltly,ﬁ,O'Bz,T[,O'ez) y = 1,Ll Xﬁ T— €
* P('B] y’ﬁ_j’o-ﬁz’n—’ 0-92) ~ N(0,0%) with probability =
B;
* P (aﬁ‘y, B m 0. ) {—0 with probability 1 — 7

» P(m|y,B,05,02)
» P(di|y, B o3, m)

23



THE UNIVERSITY
OF QUEENSLAND
AUSTRALIA

Posterior joint distribution

Scaled inverse chi-square distribution

P(wB. o5, m of|y) \ /

« P(y|u, B, of,m,08 )PP (B|og, m)P(af )P(m)P(af)

/ \ Beta distribution

Likelihood Flat prior

Point-normal mixture

24



THE UNIVERSITY
OF QUEENSLAND

Posterior joint distribution

P(u,ﬁ, aﬁ,n P |y)

X P(y|,u, B, aﬁ,n O )P(,u)P(ﬁ|Gﬁ,ﬂ)P(Uﬁ)P(ﬂ)P(UeZ)
(y—1u—%;X8;) (y — 1 — % Xjﬁj)}

202

Likelihood

<oty Fom)-

1_[ [(Uﬁ) 2 exp{ }ﬂ + @o(1 — ﬂ)] < Perior for B : point-normal mixture

UﬁTﬁ . 2 . . . . .
X (of ) exp «——— Prior for o5 : scaled inverse chi-square distribution
B Zaﬁ B
VUpt2 UeTg
X(05) 2 expi— o <« Prior for 62 : scaled inverse chi-square distribution
e

' (1—=m)"" ——— Priorfor r : beta distribution

25



Full conditional distribution for u

P(u, B, 032, ,02|y)

o< P(y|/,t, B, a[%, T, aez)P(,u)P(ﬁM%, n)P(aﬁ)P(n)P(aez)
(y—1u—-%;X8) (y - 1u - % Xjﬁj)}

_n
« (0£) Zexpi—

202
m _l ﬁz
X 1_[ [(ag) 2 exp {— ﬁ}n + @o(1 — n)]
j=1 g
vg+2 -
2 2 BB
X —
(o2) exp{ e
_Upt2 U TZ
x(02)" "2 exp {— 28 ;}
O¢
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Full conditional distribution for u

P(uly, B, a[?, ,Z)

(y—1u—3;X;8) (y — 1u— X;X;58;)
202

_n
o« (04) Zexpy—

~N(1, (Y_ijjﬁj)’a'ez>

n n
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Full conditional distribution for g;

P(u,ﬁ, aﬁ,n 0P |y)

X P(y|/,t, B, aﬁ,n O )P(M)P(mﬁﬁ,ﬂ)P(Ug)P(ﬂ)P(UeZ)

« (62) exp{ (y-1u-X;X;8) (zy— 1y —2; jﬁj)}
20/
m 1 ﬂ
xl_[ (aﬁ) 2exp{ o 2}n+<p0(1 n)]
j=1 B
“(07)” exp{ "
%

ve+2 VeTp
X(a2)~ exp{ €
X 7411 —m)P1

28
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Full conditional distribution for g;

P(Bjly. B-j 03, m o)

(y-10-3,%8)) (y-16-3; Xjﬁj)}

2072

o< (0§) 2 exp {—

1 2
2\ 2 — _
x(a) exp{ 20[3} T+ @o(1 =7) | ets introduce an indicator variable 5;

If 5; = 1, then p; is in non-zero component

If 5; =0, theng; =0

29
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Full conditional distribution for g;

P(Bily.6; = 1,B-j 05,1, 0¢)

=Y. X:B:) (v = 1u =3 X B; 1
x (68)” zexp{ ¥ = 1= 2, %5) (Zy s ]ﬁ])}x(gﬁ) ZeXP{ 5 }
20_6 20-’8
~N<x;(y—1u—2k¢,X§<ﬁk) o; )
XiX; + 05 /03 'XiX; + 05 /0

30
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Full conditional distribution for ag

P(u, B, 04, m,0é|y)

« P(y|u B, aﬁ%, T, aez)P(,u)P(ﬁlﬁ[?, ﬂ)P(UE)P(ﬂ)P(UeZ)
(y—1u—3;X;8) (y— 1 - 3 Xjﬁj)}

_n
o (05) Zexpi—

202
X 1_[ [(aﬁ) 2 exp {— —]Z}n + @o(1 — n)]
. 20
j=1 A
vpt2 -
X 2 2 _ ,3 :8
(o7) exp{ o
_Vet2 1)) 7:2
x(a2)"" 2 exp {— 23 ;}
O¢
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Full conditional distribution for ag

P(JBZ y, B, T, ae)
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Full conditional distribution for =«

P(u,ﬁ, aﬁ,n P |y)

X P(y|/,t, B, aﬁ,n O )P(M)P(mﬁﬁ,ﬂ)P(Ug)P(ﬂ)P(UeZ)
(y—1u—3;X;8) (y— 1 — 3 Xjﬁj)}

202
1_[[(03) 2exp{ E}n+<p0(1 n)]
2
x(aﬁ) 2 exp {— Uzﬁgfg

Vet2 1)) 1'2

2\ — ele
X(Ue) 2 exp {_ 252
e

X (O'e) 2exp{

X 411 — )bl
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Full conditional distribution for =«

P(u,ﬁ, aﬁ,n P |y)

o< P(y|/,t, B, aﬁ, T, 04 )P(M)P(maﬁ, n)P(JB)P(n)P(a )
(y—1u—3;X;8) (y— 1 — 3 Xjﬁj)}

2
20,

x (62)” 2exp{

B;
[(aﬁ) 2 exp {— Pl ©0o(1 —m) —— Only depends on the indicator variable §;
op

exp{ f} g [7‘[5] + (1- n)(l-Sj)]

X(Uﬁ)
ﬁ

ve+2 VeTe
x(a2)” exp{ : }

X 411 — )bl
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Full conditional distribution for =«

P(n

y.B.0p.0¢)

X H?Ll [7T5f + (1- n)(1_5j)] x T2 1(1 — n)b_l

~Beta<a+ 25] ’b+m_zé‘])
J J

35



Gibbs sampling

» Set starting values for (u, 8, B, o3, 7, o¢)
« Then (for many iterations)
- Foreach SNP, sample §;, B; conditional on other parameters

» Sample u, o3, m. o¢ with updated 6, B

Samples reconstruct posterior distributions of parameters

THE UNIVERSITY
OF QUEENSLAND

36
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Gibbs sampling

Trace plot Posterior distribution
(I) 2(|)0 4(1)0 6(|)0 8(I)O 10|00 ° 1f5 2?0 2f5 370

Iteration

Posterior mean is used as the point estimate of the SNP effect

37
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As a method of fine-mapping

Posterior inclusion probability (PIP):
probability that the SNP is included in the model with a nonzero effect.

0.8 1.0
| |

0.4

Posterior inclusion probability
0.6

0.2

2 4 6 8 10
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Model
y=1u+Xp +e
(0 with probability 7,
N(0,y,03)  with probability 7,,
/3]"7-[7 O'[i’ — < :
|~ N(0,yc05) withprobability 1 — Sl

— (0, 0.01, 0.1, 1.0’

BayesC is a special case of BayesR with two components

39



Why use multi-normal mixture?

ﬁ] ~ T4 +7T2 +7T3 +7T4_

e

A || A

Account for almost any distribution!
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Estimate « from the data

ﬁ] ~ 101 +7T2 +7T3 +7T4_

Sample r from a Dirichlet distribution (multivariate Beta distribution)

[T[l) 1y, T3, 7T4-]’ ~ DiriChlet(all ap,as, a4)

Pi2

Pi3

More details in Lloyd-Jones et al Nat Comm 2019 S0001020304050507 08 "

Pi1 41



Applications of BayesR



BayesR application
Cattle, 800K SNPs

e Training
- Holstein = 3049 bulls, 8478 cows
— Jersey = 770 bulls, 3917 cows

e \alidation
- Holstein = 262 bulls
— Jersey = 105 bulls
— Australian Reds = 114 bulls

e GEBV with GBLUP, BayesR
o (Kemper et al GSE, 2014)

43



BayesR application I ey
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Cattle, 800K SNPs

e Prediction accuracy r(g,y)

Fat Milk  Protein [Fat% Protein% Average
Holstein
GBLUP 0.60 0.59 0.58| 0.72 0.83 0.66
BAYESR 0.64 0.62 0.57| 0.81 0.84 0.69
Jersey

GBLUP 0.56 0.62 0.67| 0.64 0.76 0.65
BAYESR 0.56 0.69 0.71| 0.76 0.79 0.70

Australian Reds
GBLUP 0.20 0.16 0.11] 0.32 0.34 0.22
BAYES 0.26 0.21 0.13]| 0.44 0.36 0.28

44



BayesR application I ey

BayesR
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BayesR application

Prediction of disease risk In humans

CAD || HT
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Summary I ey

Bayesian methods for Genomic Prediction

Bayesian approach allows us to incorporate prior knowledge in estimation of
SNP effects.

Markov chain Monte Carlo (MCMC) is a technique to draw samples from a
posterior distribution for Bayesian inference of model parameters.

Bayesian methods can have an advantage when:
QTL of moderate to large effect on the trait (eg Fat%, DGAT1)
Very large numbers of SNP (800K, sequence) -> set some SNP effects to zero

Integrates polygenic prediction and genetic fine-mapping

47
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Questions?
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Practical 4. Bayesian methods

https://cnsgenomics.com/data/teaching/GNGWS25/module5/Practical4 Bayes.html

To log into your server, type command below in Terminal for Mac/Linux users or in Command
Prompt or PowerShell for Windows users.

ssh username@hostname

And then key in the provided password.

50
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