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Polygenic prediction methodology

Whole-genome regression 

approaches

Include all SNPs but adjust 

the effect sizes for LD.

BLUP, Bayesian methods 

Clumping and P-value 

thresholding (C+PT)

Include only the most strongly 

associated SNP from each LD 

block (Purcell et al., 2009)

PGS = ෢𝛽1𝑥𝑖1 + ෢𝛽2𝑥𝑖2 + ෢𝛽3𝑥𝑖3 + ⋯  = σ
𝑗=1
𝑛𝑆𝑁𝑃 ෡𝛽𝑗𝑥𝑖𝑗

Polygenic score (PGS) is a weighted count of risk alleles

0, 1 or 2

Risk alleles
Which SNPs?

What weights?
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• Need to specify the shrinkage parameter 

• Assumes SNPs effects are (infinitesimal model): 

• all non-zero

• very small

• normally distributed

BLUP

How realistic they are?
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Do they look like infinitesimal?

Mixture component
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Coronary Artery 

Disease
Type 2 Diabetes

Bipolar Disorder Schizophrenia

Hypertension

small

middle
big

Many DNA variants contribute 
to genetic risk. Most have very 

small effects, but some have 

moderate to large effects.
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Bayesian methods 

• Bayesian methods can estimate all parameters including SNP effects 

simultaneously

• Allow alternative assumptions regarding the distribution of SNP 

effects

What are alternative distributions that make sense?
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Assumptions for SNP effect distribution

Alternative distributions

MethodDistribution of SNP effectsAssumption

BayesAStudents t Small number of moderate to large 

effects, many small effects
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Assumptions for SNP effect distribution

Alternative distributions

MethodDistribution of SNP effectsAssumption

BayesAStudents t Small number of moderate to large 

effects, many small effects

BayesB
Mixture, spike at zero, 

Students t

Small number of moderate to large 

effects, many zero effects

BayesCMixture, spike at zero, 

normal distribution

Small number of small effects, many 

zero effects

BayesRMixture, multiple normals
Many zero effects, proportion of small 

effects, some moderate to large effects

Gianola. Priors in whole-genome regression: 

the bayesian alphabet returns. Genetics. 2013

Bayesian alphabet models in animal breeding



Bayesian methods in human genetics
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PRS-CS LDPred2 SBayesRBSLMM

Continuous shrinkage

𝛽𝑗  ~𝑁(0, 𝜙𝜓𝑗)

𝜓𝑗~𝐺𝑎 𝑎, 𝛿𝑗

𝛿𝑗~ 𝐺𝑎(𝑏, 1)

Parameters 𝑎 and 𝑏 determine 

how aggressively to shrink small 

estimates and how much you 

don’t shrink large ones

Spike-and-Slab

𝛽𝑗  ~ ቊ 𝑁 0, 𝜏2 ,  𝜋
0 1 − 𝜋

𝜋 can be estimated 
from data, sparsity 
allowed, 𝜏2 = ℎ2/𝑀𝜋

Flexible finite mixture of 

normal distributions, sparsity 

allowed 

𝛽𝑗~

0,  𝜋1

𝑁 0, 𝛾2𝜎𝑏
2 ,  𝜋2

…

𝑁 0, 𝛾𝐶𝜎𝑏
2 , 1 − ෍

𝑐=1

𝐶−1

𝜋𝑐

Normal mixture

𝛽𝑗  ~ ൝
𝑁 0, 𝜎𝑏

2 + 𝜎𝑢
2 ,  𝜋

𝑁 0, 𝜎𝑢
2 ,  1 − 𝜋

𝜎𝑏
2 captures “sparse 

effects” as in the spike-
and-slab model, and 
𝜎𝑢

2 captures small 
polygenic effects.
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BayesC

How to incorporate a prior knowledge in the estimation of SNP effects?

BayesR

SNP effect prior
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Introduction to Bayesian methods
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Bayes theorem

Introduction to Bayesian methods

)()|()|( xPxyPyxP 

Probability of 

parameters x given 

the data y (posterior)

Is proportional to Probability of 

data y given the 

x (likelihood of 

data)

Prior 

probability 

of x
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Introduction to Bayesian methods

Consider an experiment where we measure height of 10 people 

to estimate average height

We want to use prior knowledge from many previous studies that 

average height is 174cm with standard error 5cm

y = average height + e
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Bayes theorem

Introduction to Bayesian methods

)()|()|( xPxyPyxP 

Prior probability of x (average height)
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Bayes theorem

Introduction to Bayesian methods

)()|()|( xPxyPyxP 

Prior probability of x (average height)
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From the data……
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Bayes theorem

Introduction to Bayesian methods

)()|()|( xPxyPyxP 

Prior probability of x (average height)
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height x, most likely x = 178cm
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Bayes theorem

Introduction to Bayesian methods

)()|()|( xPxyPyxP 

L(y|x)                              P(x)                  
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Less certainty about prior information? Use less informative (flat) prior

Introduction to Bayesian methods

)()|()|( xPxyPyxP 

L(y|x)                              P(x)                  
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More certainty about prior information? Use more informative prior

Introduction to Bayesian methods

)()|()|( xPxyPyxP 

L(y|x)                              P(x)                  
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PGS prediction with Bayesian methods
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Model

BayesC

𝐲 = 𝟏𝜇 + 𝐗𝜷 + 𝐞

0

𝑃(𝜷|𝒚) ∝ 𝑃(𝒚|𝜷)𝑃(𝜷)

෡𝜷 = 𝐸 𝜷 𝒚 = න 𝜷𝑃 𝜷 𝒚 d𝜷

Using Bayes theorem, the posterior distribution of SNP effects

SNP effect estimator
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Posterior inference on SNP effects

BayesC

• Cannot solve directly → no closed form solution

• Estimates of parameters depend on other parameters

• Use Markov chain Monte Carlo (MCMC) algorithm!

෡𝜷 = 𝐸 𝜷 𝒚 = න
𝛽1

… න
𝛽𝑚

𝛽𝑚 𝜎𝑒
2 −

𝑛
2 exp −

𝐲 − 𝐗𝜷 ′ 𝐲 − 𝐗𝜷

2𝜎𝑒
2 ෑ

𝑗=1

𝑚

𝜎𝛽
2 −

1
2 exp −

𝛽𝑗
2

2𝜎𝛽
2 𝜋 + 𝜑0(1 − 𝜋) d𝛽𝑚 … d𝛽1
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Markov chain

MCMC algorithm

A sequence of samples where each sample depends only on the 

previous one (memoryless). This property allows the algorithm to 

gradually explore the distribution.

Monte Carlo

Using random sampling to perform numerical estimation, e.g., 

integrating over a probability distribution by averaging over samples.
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A special case of MCMC to sample from posterior distribution of each 

parameter conditional on all other parameters.

Gibbs Sampling

MCMC algorithm

Figure source
The key is to derive 𝑃 𝑥1|𝑥2  and 𝑃 𝑥2|𝑥1

https://mikelove.wordpress.com/2008/09/08/visual-explanation-of-gibbs-sampling/
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To run Gibbs sampling, we need to derive the full conditional 
distribution for each parameter

BayesC

𝐲 = 𝟏𝜇 + 𝐗𝜷 + 𝐞• 𝑃 𝜇 𝒚, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2

• 𝑃 𝛽𝑗 𝒚, 𝜷−𝑗 , 𝜎𝛽
2, 𝜋, 𝜎𝑒

2

• 𝑃 𝜎𝛽
2 𝒚, 𝜷, 𝜋, 𝜎𝑒

2

• 𝑃 𝜋 𝒚, 𝜷, 𝜎𝛽
2, 𝜎𝑒

2

• 𝑃 𝜎𝑒
2 𝒚, 𝜷, 𝜎𝛽

2, 𝜋
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Joint posterior distribution

BayesC

𝑃 𝜇, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 𝒚  

∝ 𝑃 𝒚 𝜇, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 𝑃 𝜇 𝑃 𝜷 𝜎𝛽
2, 𝜋 𝑃 𝜎𝛽

2 𝑃 𝜋 𝑃(𝜎𝑒
2)

Likelihood

Point-normal mixture

Scaled inverse chi-square distribution

Beta distribution
Flat prior
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Joint posterior distribution

BayesC

𝑃 𝜇, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 𝒚  

∝ 𝑃 𝒚 𝜇, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 𝑃 𝜇 𝑃 𝜷 𝜎𝛽
2, 𝜋 𝑃 𝜎𝛽

2 𝑃 𝜋 𝑃(𝜎𝑒
2)

∝ 𝜎𝑒
2 −

𝑛
2 exp −

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗
′

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗

2𝜎𝑒
2

× ෑ

𝑗=1

𝑚

𝜎𝛽
2 −

1
2 exp −

𝛽𝑗
2

2𝜎𝛽
2 𝜋 + 𝜑0(1 − 𝜋)

× 𝜎𝛽
2 −

𝜐𝛽+2

2 𝑒𝑥𝑝 −
𝜐𝛽𝜏𝛽

2

2𝜎𝛽
2

× 𝜎𝑒
2 −

𝜐𝑒+2
2 𝑒𝑥𝑝 −

𝜐𝑒𝜏𝑒
2

2𝜎𝑒
2

× 𝜋𝑎−1 (1 − 𝜋)𝑏−1

Likelihood

Prior for 𝜷 : point-normal mixture

Prior for 𝜎𝛽
2 : scaled inverse chi-square distribution

Prior for 𝜎𝑒
2 : scaled inverse chi-square distribution

Prior for 𝜋 : beta distribution
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Full conditional distribution for 𝜇

BayesC

𝑃 𝜇, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 𝒚  

∝ 𝑃 𝒚 𝜇, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 𝑃 𝜇 𝑃 𝜷 𝜎𝛽
2, 𝜋 𝑃 𝜎𝛽

2 𝑃 𝜋 𝑃(𝜎𝑒
2)

∝ 𝜎𝑒
2 −

𝑛
2 exp −

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗
′

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗

2𝜎𝑒
2

× ෑ

𝑗=1

𝑚

𝜎𝛽
2 −

1
2 exp −

𝛽𝑗
2

2𝜎𝛽
2 𝜋 + 𝜑0(1 − 𝜋)

× 𝜎𝛽
2 −

𝜐𝛽+2

2 𝑒𝑥𝑝 −
𝜐𝛽𝜏𝛽

2

2𝜎𝛽
2

× 𝜎𝑒
2 −

𝜐𝑒+2
2 𝑒𝑥𝑝 −

𝜐𝑒𝜏𝑒
2

2𝜎𝑒
2

× 𝜋𝑎−1 (1 − 𝜋)𝑏−1
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Full conditional distribution for 𝜇

BayesC

𝑃 𝜇 𝒚, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2

∝ 𝜎𝑒
2 −

𝑛
2 exp −

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗
′

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗

2𝜎𝑒
2

~ 𝑁
𝟏′ (𝐲 − σ𝑗 𝐗𝑗𝛽𝑗)

𝑛
,
𝜎𝑒

2

𝑛
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Full conditional distribution for 𝛽𝑗

BayesC

𝑃 𝜇, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 𝒚  

∝ 𝑃 𝒚 𝜇, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 𝑃 𝜇 𝑃 𝜷 𝜎𝛽
2, 𝜋 𝑃 𝜎𝛽

2 𝑃 𝜋 𝑃(𝜎𝑒
2)

∝ 𝜎𝑒
2 −

𝑛
2 exp −

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗
′

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗

2𝜎𝑒
2

× ෑ

𝑗=1

𝑚

𝜎𝛽
2 −

1
2 exp −

𝛽𝑗
2

2𝜎𝛽
2 𝜋 + 𝜑0(1 − 𝜋)

× 𝜎𝛽
2 −

𝜐𝛽+2

2 𝑒𝑥𝑝 −
𝜐𝛽𝜏𝛽

2

2𝜎𝛽
2

× 𝜎𝑒
2 −

𝜐𝑒+2
2 𝑒𝑥𝑝 −

𝜐𝑒𝜏𝑒
2

2𝜎𝑒
2

× 𝜋𝑎−1 (1 − 𝜋)𝑏−1

Let’s introduce an indicator variable 𝛿𝑗

If 𝛿𝑗 = 1, then 𝛽𝑗 is in non-zero component

If 𝛿𝑗 = 0, then 𝛽𝑗 = 0
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Full conditional distribution for 𝛽𝑗

BayesC

𝑃 𝛽𝑗 𝒚, 𝛿𝑗 = 1, 𝜷−𝑗 , 𝜎𝛽
2, 𝜋, 𝜎𝑒

2

∝ 𝜎𝑒
2 −

𝑛
2 exp −

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗
′

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗

2𝜎𝑒
2 × 𝜎𝛽

2 −
1
2 exp −

𝛽𝑗
2

2𝜎𝛽
2

If 𝛿𝑗 = 1 

~ 𝑁
𝐗𝑗

′(𝐲 − 𝟏𝜇 − σ𝑘≠𝑗 𝐗𝑘
′ 𝛽𝑘)

𝐗𝑗
′𝐗𝑗 + 𝜎𝑒

2/𝜎𝛽
2 ,

𝜎𝑒
2

𝐗𝑗
′𝐗𝑗 + 𝜎𝑒

2/𝜎𝛽
2
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Gibbs sampling

BayesC

• Set starting values for (𝜇, 𝜹, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2)

• Then (for many iterations)

• For each SNP, sample 𝛿𝑗 , 𝛽𝑗 conditional on other parameters 

• Sample 𝜇, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 with updated 𝜹, 𝜷

Samples reconstruct posterior distributions of parameters
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Gibbs sampling

BayesC

Trace plot Posterior distribution

Posterior mean is used as the point estimate of the SNP effect
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As a method of fine-mapping

BayesC

Posterior inclusion probability (PIP): 

probability that the SNP is included in the model with a nonzero effect.
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Model

BayesR

𝐲 = 𝟏𝜇 + 𝐗𝜷 + 𝐞

BayesC is a special case of BayesR with two components
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Why use multi-normal mixture?

BayesR

Account for almost any distribution!

𝜋1𝛽𝑗  ~ + 𝜋2 + 𝜋3 + 𝜋4
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Estimate 𝝅 from the data

BayesR

𝜋1𝛽𝑗  ~ + 𝜋2 + 𝜋3 + 𝜋4

Sample 𝝅 from a Dirichlet distribution (multivariate Beta distribution)

𝜋1, 𝜋2, 𝜋3, 𝜋4
′ ~ 𝐷𝑖𝑟𝑖𝑐ℎ𝑙𝑒𝑡(𝑎1, 𝑎2, 𝑎3, 𝑎4)

More details in Lloyd-Jones et al Nat Comm 2019
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BayesR application

Prediction of disease risk in humans

Moser et al PLoS Genetics 2015
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• Individual-level data are often not publicly accessible. 

• Computationally demanding with large # individuals/SNPs.

• Methodology in human genetics has moved forward to use GWAS 

summary statistics (sumstats) only.

Methodology based on summary statistics
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Essentially, the sumstats-based methods take GWAS marginal effect 

estimates as input data, and re-estimate SNP joint effects.

• SNP marginal effect estimates

• Standard errors

• GWAS sample size

• LD correlations among SNPs

What are the minimum data required?

Sumstats for PGS prediction

GWAS sumstats

LD matrix
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Individual-level model

𝐲 = 𝐗𝜷 + 𝐞 𝐛 = 𝐑𝜷 + 𝛜A primary tool - genome-wide association studies (GWAS)

Simple linear regression model

Yi = —0 + —1Xi + Ái ,

i = 1, . . . , n, where n is the number of individuals and Xi contains

the reference allele count for individual i . Estimate —0 and —1 via

least squares. Perform this p t imes for all the genotyped SNPs in

the population

Summary-level model
Can we use summary statistics and why?
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Biological insights from 108
schizophrenia- associated genetic loci
Schizophrenia Work ing Group of the Psychiatr ic Genom ics Consor tium*

Schizophrenia is a highly heritable disorder. Genetic r isk is conferred by a lar ge number of alleles, including common
alleles of small effect that might be detected by genome- w ide association studies. Here w e report a multi- stage schizo-
phrenia genome- w ide association study of up to 36,989 cases and 113,075 contr ols. We identify 128 independent asso-
ciations spanning 108 conservat ively defined loci that meet genome- w ide significance, 83 of w hich have not been
previously reporte d. Associations w ere enriched among genes expressed in br ain, pr oviding biological plausibility for
the findings. Many findings have the potential to pr ovide entirely new insights into aetiology, but associations at DRD2

and sever al genes involved in glutamater gic neur otransmissio n highlight molecules of know n and potential ther apeutic
rel evance to schizophrenia, and ar econsistent w ith leadingpathophysiological hypotheses. Independent of genesexpressed
in brain , associations w ere enrich ed among genes expr essed in tissues that have important roles in imm uni ty, providin g
suppor t for the specul ated lin k bet w een the imm une system and schizophrenia.

Schizophrenia has alifetime risk of around 1%, and isassociated with
substantial morbidity and mortality aswell aspersonal and societal costs1–3.

Although pharmacological treatments areavailable for schizophrenia ,
their efficacy ispoor for manypatients4.All availableantipsychoticdrugs
arethought to exert their main therapeutic effects through blockade of
thetype2dopaminergicreceptor5,6 but,sincethediscovery of thismech-
anism over 60 yearsago, no new antipsychot icdrug of proven efficacy

hasbeen developed basedon other target molecules. Therapeuticstasis
is in large part a consequence of the fact that the pathophysiology of

schizophrenia is unknown. Identifying the causes of schizophrenia is
therefore a cri tical step towards improving treatments and outcomes
for those with thedisorder.

High her itabil ity pointsto amajor rolefor inheri ted geneti cvariants
in theaetiology of schizophrenia7,8.Although risk variantsrangein fre-
quency from common toextremely rare9,est imates10,11 suggest half toa

third of thegenetic risk of schizophreniaisindexed by common alleles

genotyped by current genome-wideassociation study (GWAS) arrays.
Thus, GWASis potentially an important tool for understanding the
biological underpinnings of schizophrenia.

To date,around 30schizophrenia-associated loci10–23 havebeen iden-
tified through GWAS. Postulating that sample size isone of the most

impor tant limitingfactorsinapplying GWAStoschizophrenia, wecreated
theSchizophreniaWorking Group of thePsychiatric Genomics Con-

sortium (PGC). Our primary aim wasto combine all avai lable schizo-
phreniasampleswith publ ished or unpubli shed GWASgenotypesinto
asingle, systematicanalysis24.Herewereport theresultsof that analysis,
including at least 108 independent genomic loci that exceed genome-
widesignificance. Someof the findings support leadingpathophysio-
logical hypothesesof schizophreniaor targetsof therapeutic relevance,
but most of the findings providenew insights.

108 independent associated loci

Weobtainedgenome-widegenotypedatafrom whichweconstructed49
ancestry matched, non-overlapp ingcase-control samples(46 of European
and threeof east Asian ancestry, 34,241 casesand 45,604 controls) and
3 fami ly-based samples of European ancest ry (1,235 parent affected-
offspringtrios) (Supplementary Table1and Supplementary Methods).

These comprise the primary PGC GWASdata set. Weprocessed the
genotypesfrom all studiesusing unifiedquality control proceduresfol -

lowed by imputation of SNPs and insertion-deletions using the 1000
GenomesProject reference panel25. In each sample, association testing

wasconducted using imputed marker dosages andprincipal components
(PCs) to control for populat ion stratification.Theresults werecombined
using an inverse-varia nce weighted fixed effects model 26.After quality
control (imputation INFO score $ 0.6, MAF $ 0.01, and successfully
imputed in $ 20 samples), we considered around 9.5 million variants.

Theresultsaresummarized inFig.1.Toenableacquisition of largesam-
ples, somegroupsascertained casesviaclinician diagnosisrather than a
research-based assessment and provided evidenceof thevalidity of this
approach (Supplementary Information)11,13.Post hocanalysesrevealed
thepattern of effect sizesfor associated loci wassimilar acrossdifferent
assessment methods and modesof ascer tainment (Extended DataFig. 1),
supporting our a priori decision to includesamplesof this nature.

For thesubset of linkage-disequilibrium- independent singlenucleotide
polymorphisms(SNPs) withP, 13 10

2 6
in themeta- anal ysis,wenext

obtained resul tsfromdeCODEgeneti cs(1,513casesand 66,236 controls
of European ancestry).Wedefi nelinkage-disequilibrium-independent
SNPsasthosewith low linkagedisequilibrium (r2 , 0.1) to amoresig-
nificantly associated SNPwithin a500-kb window. Given high linkage
disequilibrium in theextended major histocompatibil ity complex (MHC)

regionspans, 8Mb,weconservatively includeonly asingleMHC SNP

torepresent thislocus. ThedeCODEdatawerethen combined with those
from theprimary GWASto giveadataset of 36,989 casesand 113,075
controls. In thisfinal analysis,128linkage-disequilibrium-independent
SNPsexceeded genome-widesignificance(P# 53 10

2 8
) (Supplemen-

tary Table2).

Asin meta-analyses of other complex traitswhich identified largenum-

bersof common risk variants27,28, thetest statisticdistribution from our
GWASdeviatesfrom thenul l (Extended DataFig.2).This isconsistent
withthepreviouslydocumented polygeniccontribution toschizophrenia 10,11.
Thedeviation in thetest statistics from thenull (l GC 5 1.47,l 1000 5 1.01)
isonly slightly lessthan expected (l GC 5 1.56) under apolygenicmodel
given fully informativegenotypes, thecurrent samplesize,and thelife-
timerisk and heritabili ty of schizophrenia29.

* A l ist of au thors and aff il iations appears at the en d o f the p aper .
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I Results generated from a meta-analysis of 52 individual GWAS datasets

I Individual level analysis difficult due to consent and privacy issues and data

ownership. Technical burden of data t ransfer, storage, management and

harmonisat ion

I Consort ia often share and make publicly available { ‚—j , ‚‡2
j
, qj , nj } , where qj and

nj is the allele frequency and individual count (missing genotypes) for each

variant respect ively

BLUP

Bayes

SBLUP

SBayes
→

Covariates, such as age and sex, are accounted for when running GWAS.

From individual- to summary-level model



41

From individual- to summary-level model

Consider an individual-data model with a standardised genotype 

matrix X:

𝐲 = 𝐗𝜷 + 𝐞

Multiply both sides by 
1

𝑛
𝐗′ gives

1

𝑛
𝐗′𝐲 =

1

𝑛
𝐗′𝐗𝜷 +

1

𝑛
𝐗′𝐞

𝐛 = 𝐑 𝜷 𝝐+

LD correlation matrix

𝑉𝑎𝑟 𝝐 =
1

𝑛
𝐑𝜎𝑒

2

GWAS marginal SNP effects
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SBayes

Prior distribution for each SNP effect

𝐛 = 𝐑 𝜷 𝝐+
𝑉𝑎𝑟 𝝐 =

1

𝑛
𝐑𝜎𝑒

2

SNP marginal effects

from GWAS
LD correlation matrix SNP joint effects

LDpred-Inf

SBLUP

LDpred2

SBayesC

SBayesRBSLMM

Sumstats-based Bayesian methods



43

MCMC sampling

Full conditional distribution for 𝛽𝑗, if in a nonzero dist’n, 

𝑓 𝛽𝑗  𝐛, 𝑒𝑙𝑠𝑒) = 𝑁
𝑟𝑗

𝐶𝑗
,
𝜎𝑒

2

𝐶𝑗

where

Individual-level data

𝑟𝑗 = 𝐗𝑗
′ 𝐲 − ෍

𝑘≠𝑗
𝐗𝑘𝛽𝑘

𝐶𝑗 = 𝐗𝑗
′𝐗𝑗 +

𝜎𝑒
2

𝛾𝑗𝜎𝛽
2

Summary-level data

𝑟𝑗 = 𝑛𝑏𝑗 − ෍
𝑘≠𝑗

𝑛𝑅𝑗𝑘𝛽𝑘  

𝐶𝑗 = 𝑛 +
𝜎𝑒

2

𝛾𝑗𝜎𝛽
2

Compare BayesR and SBayesR algorithms
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• In principle, SBayes and Bayes are equivalent methods when same data 

are used (𝐛, 𝐑 and 𝑛 are sufficient statistics).

• In practice, SBayes is approximation to Bayes when LD is estimated from a 

reference sample.

• Whether the difference is negligible depends on the heterogeneity in LD 

between the GWAS and LD ref samples.

Potential issue
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LD reference population matches with GWAS population in genetics

• No systematic differences in LD → same ancestry

• Minimum sampling variance in LD → LD ref sample size cannot be too small

Failure to meet this assumption can result in a convergence issue!

Assumptions regarding LD reference
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Estimated joint effect size vs. GWAS marginal effect size

Presence of large effectsMost common

Always good to check SNP effect estimates

Bad convergence! 
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• Run multiple MCMC chains with different starting values

• e.g., LDpred2

• Force a strong minimum shrinkage to SNP effects

• e.g., PRS-CS

• Regulate LD matrices

• e.g., SBayesR uses chromosome-wide shrunk LD matrices

• e.g., SBayesRC uses eigen-decomposed matrices from LD blocks

How do different methods handle this issue?

47



• Random effects models > fixed effects 

models (C+PT)

• Mixture models > non-mixture (infinitesimal) 
models

C+PT

Method comparison
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Summary

• Bayesian approach allows us to incorporate prior knowledge in estimation of 
SNP effects.

• Markov chain Monte Carlo (MCMC) is a technique to draw samples from a 
posterior distribution for Bayesian inference.

• Bayesian methods can have an advantage when: 

       - Causal variants of moderate to large effect on the trait (e.g. T1D)

       - Very large numbers of SNP → set some SNP effects to zero

• Sumstats-based methods scale to large GWAS but rely on accurate LD.

• These methods represent the current state of the art in polygenic prediction. 
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Recommended reading
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Questions?
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5 min break



Practical 3: Bayesian methods
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https://cnsgenomics.com/data/teaching/GNGWS26/module5/Practical3_Bayes.html

https://cnsgenomics.com/data/teaching/GNGWS26/module5/Practical4_Bayes.html
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