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Genome-wide association studies have facilitated the construction of risk predictors for disease from multiple Single Nu-
cleotide Polymorphism markers. The ability of such “genetic profiles” to predict outcome is usually quantified in an in-
dependent data set. Coefficients of determination (R?) have been a useful measure to quantify the goodness-of-fit of the
genetic profile. Various pseudo-R? measures for binary responses have been proposed. However, there is no standard or
consensus measure because the concept of residual variance is not easily defined on the observed probability scale. Unlike
other nongenetic predictors such as environmental exposure, there is prior information on genetic predictors because for
most traits there are estimates of the proportion of variation in risk in the population due to all genetic factors, the heritability.
It is this useful ability to benchmark that makes the choice of a measure of goodness-of-fit in genetic profiling different
from that of nongenetic predictors. In this study, we use a liability threshold model to establish the relationship between
the observed probability scale and underlying liability scale in measuring R? for binary responses. We show that currently
used R? measures are difficult to interpret, biased by ascertainment, and not comparable to heritability. We suggest a novel
and globally standard measure of R? that is interpretable on the liability scale. Furthermore, even when using ascertained
case-control studies that are typical in human disease studies, we can obtain an R*> measure on the liability scale that can be
compared directly to heritability. Genet. Epidemiol. 36:214-224, 2012. © 2012 Wiley Periodicals, Inc.
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INTRODUCTION

The discovery of multiple genetic loci that are associated
with disease and other complex traits has sparked an in-
terest in making individual risk predictions from genetic
data [Demirkan et al., 2011; Evans et al., 2009; Kraft et al.,
2009; Lyssenko et al., 2008; Pharoah et al., 2008; Purcell
et al.,, 2009; The International Multiple Sclerosis Genetics
Consortium, 2010; Wray et al., 2007, 2010]. The genetic risk
of healthy individuals can be predicted from their mea-
sured genotype at multiple loci, and, since the total (phe-
notypic) risk is correlated with genetic risk, a prediction
can be made of total risk from genetic data. Typically, the
effects of measured genotypes on disease are estimated in
one or more discovery samples, and those estimated effects
are then combined with the genotypes at one or more in-
dependent validation samples that contain affected and un-
affected individuals. For each individual in the validation
sample, a genetic profile is calculated and these profiles are
correlated with outcome (affected /unaffected) to quantify
the precision of the genetic risk predictor.

© 2012 Wiley Periodicals, Inc.

What is a good measure to quantify the goodness-of-fit
of the genetic profile? Importantly, there is prior informa-
tion on genetic predictors because for most traits there are
estimates of the proportion of variation in risk in the pop-
ulation due to all genetic factors, the heritability. From the
heritability, we can calculate the maximum precision of a
genetic profile, i.e. the precision if all causal variants were
known and their effect sizes known without error [Wray
et al., 2007, 2010]. Therefore, we have a natural benchmark
in that we can compare the fit of the genetic profile in the
validation sample to the heritability. It is this useful ability to
benchmark that makes the choice of a measure of goodness-
of-fit in genetic profiling different from that of nongenetic
predictors.

Coefficients of determination (R?) for binary responses
have been used in measuring the goodness-of-fit of mod-
els containing genetic predictors of human disease [Baneshi
et al., 2010; Barrett et al., 2008, 2009, de Cid et al., 2009;
Demirkan et al., 2011; Gharavi et al., 2011; Janssens et al.,
2011; Labruna et al., 2011; Lyssenko et al., 2008; Painter
etal., 2011; Purcell et al., 2009; Richards et al., 2011; Sarafidis
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etal., 2007; Shea et al., 2010; Study, 2010; Tassone et al., 2000;
The International Multiple Sclerosis Genetics Consortium,
2010; Vaidya et al., 2010; Witte and Hoffmann, 2011]. In
the statistical literature, various pseudo—R2 measures for bi-
nary responses have been proposed [Cox and Snell, 1989;
DeMaris, 2002; Efron, 1978; McFadden, 1974; McKelvey and
Zavoina, 1975; Nagelkerke, 1991; Veall and Zimmermann,
1996]. However, there is no standard or consensus measure
because the concept of residual variance is not easily defined
on the observed disease scale [Menard, 2000; Nagelkerke,
1991]. Most of the pseudo-R? measures use the likelihood
functions from logistic or probit models that are based on
the observed disease scale. This causes the obtained R? to be
different from its value on the underlying liability scale, and
therefore obscures comparisons with heritability, since the
latter is usually expressed on the scale of liability. Further-
more, most case-control studies from which the precision
of genetic profiles are estimated are ascertained, and tradi-
tional R* measures are not invariant with respect to ascer-
tainment because they are based on goodness-of-fit statistics
of the actual (ascertained) data. This complicates compar-
isons with other studies or inference about the population.
In the literature, the effect of ascertainment has been poorly
addressed or ignored [Barrett et al., 2008, 2009; Cubiella et
al., 2010; Kochi et al., 2010; Peel et al., 2006, 2007].

In addition to an R? statistic to measure the goodness-
of-fit of a genetic profile, the area under the curve (AUC)
of receiver-operator characteristic (ROC) is frequently used
to assess the precision with which a genetic predictor can
correctly classify individuals into those that will become
affected and those that will not. ROC curves have an ad-
vantage that they are not affected by ascertainment of the
sample in which the goodness-of-fit of the genetic predictor
is tested. Although the AUC can be interpreted as an R? on
the liability scale [Wray et al., 2010], the AUC statistic does
not provide a direct measure of how well the predictor per-
forms relative to capturing all genetic variation or relative
to the maximum value it can attain from genetic data [Wray
et al., 2010].

In this study, we use a liability threshold model to es-
tablish the relationship between the probability of disease
on the observed scale and an underlying scale of liability.
We propose a novel measure of R? that is based upon a
transformation between the observed probability scale and
underlying liability scale. The R? on the liability scale can
be obtained from a linear, logit, or probit model. Further-
more, we are interested in obtaining an R? at the population
level even when the validation sample is ascertained. We
used a modified version of the transformation between the
observed and liability scale that corrects for bias due to as-
certainment in case-control studies. Therefore, we obtain an
R? measure on the scale of liability that can be compared
directly to heritability.

MATERIALS AND METHODS

RELATIONSHIP BETWEEN THE OBSERVED
PROBABILITY SCALE AND THE PROBIT OR
LOGIT LIABILITY SCALE

Liability of disease is assumed to be the sum of environ-
mental and additive genetic factors that are sampled from
independent normal distributions. The model for liability

can be written as,
i=pn+gi+e, 1)

where ; is the liability “phenotype” for the ith individ-
ual p is the overall mean, g; the random genetic effect
on the liability scale, and e; is the residual. For most of
the theoretical derivations and simulations, we make the
distributional assumptions that ¢ and e are independently
normally distributed with variances o; and 0. For the the-
oretical validation and analyses of simulated data, we used
gi as an explanatory variable in linear, probit, or logistic
models to validate the relationship between the observed
disease scale and underlying liability scale. For real data,
where g; is not observed, we can use its estimate generated
from genetic marker data and effect sizes estimated from in-
dependent data [Baneshi et al., 2010; Barrett et al., 2009; Gail,
2008; Lyssenko et al., 2008; Purcell et al., 2009; Wacholder et
al., 2010]. In the Discussion section, we discuss the conse-
quences of estimating ¢ with error. Liability I is ~N(0,1), and
the proportion of variance on the liability scale due to the
genetic profile is i} = 0. In the liability threshold model, all
affected individuals have a liability phenotype exceeding a
certain threshold value ¢. This leads to observations (y) that
are 0 or 1 for unaffected and affected individuals, with a
Bernoulli distribution with a probability, p, i.e., y ~ Bern(p).

For analysis of data, a generalized linear model can be
used to link probabilities to effects on a linear scale. Using
a logit link, the probability of disease p; for individual i can
be written as a function of linear predictors as,

logit(p;) = In (1 fip) = Wiogit + blogitgi

where g; is an explanatory variable and a measure of ge-
netic value for an individual; for theoretical validation and
analyses of simulated data, we used the g; defined in (1)
above. For real data, where g; is not observed, g; is the
estimated genetic predictor (profile score). The term iogit
and bog; are regression coefficients for the mean and ge-
netic effects estimated in a logistic regression. The probabil-
ity p; = m. The log-likelihood for the logistic
regression is,

Nease

InL = Z In
i=1

1
1+ exp(—piogit — Vlogit$i)

Neontrol l
+ In (1 - > 2
; 1 + exp(—pogit — b1ogitgi) @

Similarly, a probit model is,

pi = CD(Pvprobit + bprobitgi)v

where @ is the standard cumulative density function, and
Mprobit and bpropie are regression coefficients for the mean
and genetic effects estimated in a probit model. The log-
likelihood for the probit model is,
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Nease

InL = Z 11’1[¢(Mprobit + bprobitgi)]

i=1

Neontrol

+ Z 11'1[1 - (D(Mprobit + bprobitgi)]~ (3)

i=1

Under the null model without the genetic effects, the
probability can be expressed as p; = § = K, where K is the
mean proportion of cases in the sample, and the likelihood
for the null model is,

Nease Neontrol

Loy = Y In(K)+ Y In(l - K)
i=1 i=1

=K -N-In(K)+ (1 —K)-N-In(1 - K). (4)

In the classical liability threshold model (1), the proba-
bility of an individual being affected given his or her ge-
netic value can be derived using normal distribution theory
[Dempster and Lerner, 1950], hence assuming that total li-
ability follows a normal distribution. The relationship with
the probit estimates of the parameters is,

22 /262
/207 dx = (D(Pvprobit + bprobitgi)-

_ 1 /w .
= V2mo2 Jig

Dempster and Lerner [1950] showed that the additive ge-
netic value expressed as a probability on the observed dis-
ease scale can be written as a linear function of the additive
genetic value on the liability scale,

pi=¢ + ﬁi = Mobs + bobsgi = Mobs T+ z4i, (5)

where ¢ is a constant, u is the genetic value on the ob-
served scale, and pons and boys are regression coefficients
for the mean and genetic effects on the observed scale esti-
mated in a linear model with 0, 1 observations. According
to the Robertson transformation (1950), the regression co-
efficient for the genetic effects is the same as the probabil-
ity density at the threshold ¢, i.e. bos = cov(y, g)/var(g) =
[E(y-g) — E(y)E(¢)]/h? = Km = z, where m is the mean li-
ability for cases and z is the height of a normal density curve
at the point that truncates the proportion K in the upper tail.
Therefore, the likelihood (2) and (3) can be approximated
as,

Nease Neontrol

InL =Y In(ops +28) + Y In[1 — (1obs +281)]. (6)

i=1 i=1

PSEUDO-R? MEASURES BASED ON THE
LIKELIHOOD FUNCTION

The linear approximation of the likelihood function (6)
implies that the likelihood function is based on probabil-
ities on the observed disease scale, and not based on the
logit or probit liability scales. This explains why pseudo-R®
based on the likelihood [Cox and Snell, 1989; McFadden,
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1974; Nagelkerke, 1991] do not give an appropriate inter-
pretation when measuring the goodness-of-fit of the lin-
ear predictor for the logit (Wiogit + blogitgi) Or probit model
(Mprobit + Pprobitgi)- Since observations and underlying ex-
planatory factors are not on the same scale for binary traits,
it has been observed that the pseudo-R?* based on the like-
lihood never reach one even when a model has a perfect fit
[Cox and Snell, 1989; Nagelkerke, 1991]. For example, the
R? proposed by Cox and Snell (C&S) is,

Neace 1
2 =1- K
Res |:11—! ( /1 + exp(—fliogit — Blogitgi) >

Nt exp(—fitogit — boig) \ T
y 1—[ -k P Ml(iglt ]cg;ltgl
i1 1+ exp(_P«logit - logitgi)

Nease Neontro 2N
K 1-K
=1 “(u +b )”(1— b ) ’
ie1 obs obs3i i1 (Mobs + obsgl)

This equation shows that 1 — R2, is the mean squared ra-
tio of the probability explained by random chance (i.e. the
numerators) over that explained by random chance plus
additional genetic factors (i.e. the denominators), which
are obviously on the observed probability scale. In a lin-
ear model with 0, 1 responses on the observed probability
scale, the numerators are analogous to the mean squared
errors in the full model, i.e. y = p + g + ¢, and the denomi-
nators are analogous to the mean squared errors in the null
model, i.e. y = p + e. Therefore, R24 can be approximated
as,

N
Y - 9/N .
Ré&sgl_ ;\, =1- - ’
Ra-K
> (- 9?/N ( )

i

where 62

> is estimated residual variance on the observed
probability scale that is a proportion of the total variance
unexplained by the genetic factor. If liability is normally
distributed then the variance on the observed scale removed
by the genetic profile is approximately equal to z*h7 and the
total variance on the observed scale is K(1 — K), so that
the residual on that scale is the difference between the two.
Therefore, an approximation of the expectation of R can
be written as,

2\~ K( - K)—z2h? _ Z2h?
E(Rees) =1 - K1-K)  K1-K)

This expression shows why Cox and Snell’s R? is ap-
proximately equal to R? on the observed scale in a linear
model, although the difference increases with extremely
high heritability [Cox and Wermuth, 1992] (also see TableI).
Nagelkerke [1991] tried to correct Cox and Snell’s R? by
scaling it by the maximum value it can ever attain, i.e.
R} = R%.o/R%  where R2 =1—K2K.(1 - K)*1-K) from
(4). However, this adjustment is not appropriate if the aim
is to measure the goodness-of-fit of models on the scale of
liability.
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TABLE I. Brief description of R? measures used in this study and their theoretical expectation
Brief description Notation and formula Expectation
N
> wi-97° 2
R? on the observed scale RZ=1- 1L h? ﬁ
Z (i —9)*
Cox and Snell’s R? on the observed scal RZq =1 — | ikelihoodyy |2 12
OX and snell's on the observed scale C&S — + | Tikelihoodgy I K1=K)
2 2
Nagelkerke’s R? on the observed scale R} = W %
R? on the liability scale R?=R2 K(lz;k) h?
2 FTEe 2 _ Var(ﬁprubitgi) 2
R“ on the probit liability scale Probit = Var(Bpmapgi) +1 hi
2 1 s 2 _ Var(glogitgi) 2
R* on the logit liability scale R; ogit = Varthrogs) 13 hj
> Ly . 2 20?2 2
R? on the liability scale using AUC Riuc = G B Ot D imatma D) hy
2
R? on the liability scale when using ascertained case-control studies R n?

lee — 1+R3,.0C

Yy, observations that are 0 or 1 for unaffected and affected individuals; h,z, heritability on the liability scale, in this context the proportion
of variance on the liability scale explained by the genetic profile; K, population prevalence; z, the height of a normal density curve at the
point according to K; g, the sum of all additive genetic factors in the estimated genetic predictor; b, regression coefficient from generalized
linear model; m, the mean liability for cases; m;, the mean liability for controls; t, the threshold on the normal distribution that truncates the
proportion of disease prevalence K; Q, the inverse of the cumulative density function of the normal distribution up to values of AUC; C and

0, correcting factors for ascertainment.

R? ON THE LIABILITY SCALE

In order to derive R? on the liability scale, we first obtain
the R? on the observed scale using linear regression. In a
linear model with 0, 1 observation, the R? on the observed
probability scale can be written as,

R Likelihood i \ ™
o Lﬂ(elihOOdfuu
N
> (i — 97
-1 i — V?r(gobs%i)’ (7)
R(1—-R)

TN
Z(yi -9

where var(bypsgi) (or var(zg;)) is the variance due to the ex-
planatory variable (genetic variance) on the observed prob-
ability scale. Hence, R? measures a portion of the total
variance explained by the genetic factor on the observed
probability scale. This proportion can be transformed to
that on the liability scale using the Robertson transforma-
tion [Dempster and Lerner, 1950],

R@1-K) _ var(g)

R?=R? =
! z2 var(l)

0

= var(g). (8)

This concept of R? on the liability scale can be simply
extended to probit or logit models. In a probit model, the R?
on the probit liability scale can be directly obtained as the
variance explained by linear predictors as a proportion of
the total variance on the probit liability scale, that is,

2 _ Var(Bprobitgi )
" Var(bprigi) + var(e)”

©)

where the residual variance is defined as var(e) = 1 in the
probit model. Since the assumption of normality on the scale
of liability is assumed for both (8) and (9), their expectations
are identical. Equation (8) is based upon an analysis on the
0-1 scale followed by a transformation, whereas Equation
(9) is based upon a generalized linear model analysis.

Similarly, assuming that the liability has a logistic distri-
bution, R? on the logit liability scale can be obtained with
the residual variance of var(e) = w2/3 = 3.29 as,

2 _ Var(Blogitgi)
togt Var(ﬁlogitgi) + var(e) ’

(10)

McKelvey and Zavoina [1975] were the first to propose an
R? measure expressed on an underlying latent scale using
a generalized linear model. Equation (9) implements this
for the probit link function and Equation (10) for the logit
link function, and this R? is widely used. The derivation for
the liability threshold model has not been considered previ-
ously (Equation (8)). Although the threshold model and the
generalized linear model are equivalent, the formulae for
R? in Equations (9) and (10) are different to that in Equation
(8). R? values from Equations (9) and (10) are based on es-
timated linear predictors in logit or probit models, whereas
that from Equation (8) was based on a transformation from
R? on the observed scale that was based on the likelihood.
Importantly, the transformation in Equation (8) can be mod-
ified to correct bias in ascertained case-control studies (see
next sections).

Genet. Epidemiol.
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R? ON THE LIABILITY SCALE FROM AUC

AUC is a useful statistic of the precision of predicting
the genetic risk of disease [Janssens et al., 2006; Wray et al.,
2010]. Using estimated AUC, R? on the liability scale can
be obtained [Wray et al., 2010]. Estimation in this approach
is independent of the relative proportion of cases and con-
trols even if there is ascertainment in the case-control study.
However, the estimation become less accurate for high her-
itabilities [Wray et al., 2010]. Given K and AUC, R? can be
obtained as,

2Q2
(my —m)? + Q*m(m — t) + my(my — 1)’

R/ZAUC = (1)

where Q = ®~1(AUC), and m; = —mK/(1 — K).

R? ON THE LIABILITY SCALE FOR
ASCERTAINED CASE-CONTROL STUDIES

In genetic epidemiology studies, case-control designs are
widely used where cases are usually oversampled relative
to the prevalence in the population. In this situation, there
is no R? measure that is estimated on the liability scale and
corrects for ascertainment. We consider the same liability
model (1) but when samples are ascertained in a case-control
study. According to (5), the genetic value on the observed
scale (u.) for an individual in a case-control study is,

U =C+ bccgcm (12)
P(-P) oF .
where b, = cov(Yee, gec)/var(ge) = 4] gl where P is

the proportion of cases in the case-control sample. The de-
tails of this derivation are in Appendix A. From (12), the
variance explained by the genetic factor on the observed
scale is [Lee et al., 2011],

P(1-7P) o?
2 _ 1,2 .2 _ 8 2
Ouee = bCCO-gcr = |:ZK(1 _K)E Ogec
PA-P)7] of ,
=|z———F~ | —0°. 13
[ZK(l—K)} Ugc((rg (13)

R? is a proportion of the total variance explained by the
genetic factor on the observed probability scale (7), and we
define R? _as that proportion for an ascertained case-control
study. Therefore,

) o2 |:Z,/P(1 - P)i|2 o2 )

T|ITKAO-K) | o2

R = =
% = P(1- D)

Finally, we express the proportion of the total variance
explained by the genetic factor on the liability scale (8), cor-
rected for ascertainment. This parameter R? can be derived
from (14) as (Appendix A),

2
RZ — 0_2 — ROL‘CC (15)
ke 7”78 T 14 R2 6C°

Occ

_ K(1-K) K1=K) . P—K /[, P-K
where C = —2Z Pa=p) and 6 = mﬁ(mﬁ — t)
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To summarize the theoretical sections, we have derived
an expression for the proportion of variation in liability
explained by the genetic profile in the population, using an
estimate of the proportion of variation explained by the pro-
file on the observed 0-1 scale in an ascertained case-control
sample. The expression (Equation (15)) uses the goodness-
of-fit R? on the 0-1 scale and then transforms it to the liability
scale whilst adjusting for ascertainment.

SIMULATION STUDY

In a simulation study, genetic () and residual values ()
were independently generated from random normal dis-
tributions with means of zero and variances of (rg2 and o?,

respectively. The value for o2 was chosen such that the de-
sired proportion of variation in liability due to the genetic
profile was obtained. Liability for each individual was | =
g + e. Disease status for each individual was determined
by comparing [ with the threshold of liability determined
by the population prevalence. In this study, a population
prevalence K=0.5,0.1, or 0.01 was used with 10,000 individ-
ual observations. Therefore, for the case-control designs, we
had samples of 5,000, 1,000, and 100 cases and 5,000, 9,000,
and 9,900 controls for K = 0.5, 0.1, and 0.01, respectively.
When testing ascertained samples, cases were oversampled
such that the number of cases and controls was approxi-
mately equal, i.e. P = 0.5. So for the ascertained case-control
designs, we had samples of 5,000 cases and 5,000 controls
for K= 0.1 or 0.01. In an alternative simulation, genetic and
residual values were independently generated from logis-
tic distributions with a means of zero and variances of U;
and o? = w?/3, respectively. The value for o2 was chosen
such that the desired proportion of variation in liability due
to the genetic profile was obtained. Disease status for each
individual was decided given his or her liability and the
threshold determined by the population prevalence accord-
ing to the logistic distribution.

For analyses of the simulated data, we used a linear, logit,
or probit model where disease status was used as 0, 1 ob-
servations (y), and genetic values on the liability scale were
used as explanatory variables [Cox and Wermuth, 1992).
Using those models, we obtained several kinds of R? mea-
sures (Table I). First, we obtained R? from a linear regres-
sion using (7). Second, we used Cox and Snell’s method
[Cox and Snell, 1989]. Third, we used Nagelkerke’s scale
method [Nagelkerke, 1991]. Fourth, we transformed R? to
R? on the liability scale using (8). Fifth and sixth, we used
the variance explained by linear predictors proportional to
the total variance on the probit (9) and logit scale (10), re-
spectively. Seventh, we obtained R4y from AUC estimated
from a probit model (a linear or logit model gave the same
results) using (11). These methods and notations are briefly
described in TableI, and pseudo-R codes for them are shown
in the Appendix B. In testing ascertained case-control sam-
ples, all the same methods were applied except that R was

transformed to R?_ using (15).

RESULTS

ESTIMATED R*? MEASURES USING SEVERAL
METHODS WITH SIMULATED DATA

In Figure 1, R? values on the observed scale (R2.q and
R%) and liability scale (R? . R% ., R? and R}j) are

probit’ ~Mogit”
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Fig. 1. Estimated coefficients of determination using simulated data. The true proportion of variance explained by the genetic profile
was simulated as 0.1, 0.5, and 0.9 under a normal distribution. Various combinations of population prevalence (K) and the proportion of
cases in the case-control study (P) were simulated. The first two figures are from simulations without ascertainment (i.e. K = P) and the
last two figures are from simulations with ascertainment (i.e. K < P). Several R* measures were used and compared, i.e. Cox and Snell’s
R? on the observed scale (C&S), Nagelkerke’s R? on the observed scale (N), R? on the liability scale transformed from linear model (I for
population samples and I, for ascertained case-control samples), R? on the probit liability scale (probit), R? on the logit liability scale
(logit), and R? on the liability scale using AUC (AUC). The three horizontal lines represent the true values. The colored lines are for
heritability of 0.1 (blue), 0.3 (green), and 0.9 (red). Closed symbols represent the average of the estimated R* from each method.

presented when using population prevalence K = 0.5 and
0.1 without ascertainment, or K = 0.1 and 0.01 with ascer-
tainment under a normal distribution. The results for R? are
not presented because the values for R? and R% are very
similar unless heritability is very high, as expected from
Equation (6). In Supplementary Material Tables SI-SIV, we
report the results from seven kinds of R* measures for K
= 0.5, 0.1, and 0.01 without ascertainment, and for K = 0.1
and 0.01 with ascertainment, both under a normal or logistic
distribution of liability.

Under a normal distribution without ascertainment (i.e.
K = P in Fig. 1), the values for R% were higher than RZ.;
however, they were still much lower than the true values
on the scale of liability. However, the values for R? on the
liability scale were unbiased and close to the true values
(Fig. 1). For Rgmbit on the probit liability scale, the values

were very similar to R? and close to the true values. For
RlzOgit on the logit liability scale, the values were similar to
the true values with slight bias. The values for RiUC were
close to the true values with low heritabilities; however,
they were overestimated with high heritabilities (Fig. 1).
Under a normal distribution with ascertainment (i.e., K
< P in Fig. 1), only RIZCC values gave unbiased and correct

values that were transformed from RUZM using (15) (Fig. 1).

We note that R% ;- values with ascertained samples were
very similar to those without ascertained samples, showing
that RiUC is not affected by ascertainment, because AUC,
on which it is based, is known not to be affected by ascer-
tainment. It was shown that ascertained samples resulted
in biased estimation for the values for R . and Rf ; that
gave correct values when using unascertained population
samples. We show in the Appendix C that a weighted probit
model produces unbiased estimates for the normal distri-
bution, although the weighted scheme does not fully use all
information.

Under a logistic distribution without ascertainment
(Table SIII in Supplementary Material), R? values on the
observed scale (R%. s and R%) did not agree with the true
values, as expected. The values for R? and R3y; were dif-
ferent from the true values. This was due to the fact that
the transformation based on a normal distribution is not
valid for a logistic distribution. The values for Rgmbit were

slightly biased because the normality assumption in the pro-
bit model is violated when the actual distribution is logistic.
Only R2, ot Values were unbiased and close to the true values
(Fig. 1). Using a logistic distribution, we also tested and
estimated R? values for ascertained case-control studies
(Table SIV in Supplementary Material). In this situation, no
method gave correct estimates. Again, a weighting scheme
in a logistic model can be used to produce unbiased esti-
mates for the logistic distribution (Appendix C).

COMPARING OBSERVED AND EXPECTED
VALUES

The expected value for each R? can be obtained as de-
scribed in Table I that gives approximate relationships be-
tween the R? values. Table Il shows the ratio of the observed
estimated value over its expectation under a normal distri-
bution of liability. Without ascertainment (K = P), the ra-
tios for R? and Rf)mbit were close to one, indicating that the
observations and expectations agreed very well. The ob-
servations and expectations for R3¢, R%, and R, agreed
approximately unless the true heritability was high. The
ratio for Rlzogit deviated from one, probably because the lia-
bility had a normal distribution, not a logistic distribution
(Table II).

When using ascertained case-control studies (K < P),
the patterns for the ratio of observed and expected value
for R? were similar to those without ascertainment except

Genet. Epidemiol.
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TABLE II. The ratio of estimated R? over its expectation
using several methods under a normal distribution of
liability

Observed scale Liability scale
True 1 Rl R} R? Rf)robit Rlzogit Ruc
K=P=05
0.1 1.02 1.02 1.02 1.02 0.83 0.85
(0.06) (0.06) (0.06) (0.06) (0.05) (0.06)
0.5 1.01 1.01 1.00 1.00 0.94 1.00
(0.02) (0.02) (0.02) (0.02) (0.02) (0.02)
0.9 1.06 1.06 1.00 1.00 1.00 1.42

(0.01) (0.01) (0.01) (0.01) (0.01) (0.02)
K=P=01

0.1 1.00 101 1.00 1.01 112 094
(010) (0.10) (0.11)  (0.10)  (0.11)  (0.10)
0.5 104 103 100 1.00 103 1.02
(0.04)  (0.03) (0.04) (0.03) (0.03)  (0.04)
0.9 117 118  1.00 1.00 100 126

(0.03) (0.01) (0.03) (001) (0.01) (0.02)
K=01P=05

0.1 100 100  1.00 143 119 094
0.06) (0.06) (0.06)  (0.09)  (0.08)  (0.06)
05 1.00  1.01 1.01 1.22 118  1.03
(0.02) (0.02) (0.01) (0.02)  (0.02)  (0.02)
0.9 103 103 101 1.03 104 125

(0.00)  (0.00) (0.00)  (0.00)  (0.00)  (0.01)
K=001,P=05

0.1 1.00 1.00 1.00 2.49 2.15 0.99
(0.05)  (0.05) (0.04) (0.12) (0.11)  (0.06)
05 0.98 0.98 1.00 1.55 155 1.02
(0.01) (0.01) (0.01) (0.01) (0.01) (0.02)
0.9 0.96 0.96 1.00 1.07 1.08 1.11

0.00)  (0.00) (0.00)  (0.00)  (0.00) (0.02)

2The true proportion of variance explained by the genetic profile.
The expectation was obtained as described in Table L.
Standard deviation over 30 replicates is in the bracket.

R}z)robit' The observations and expectations for R? agreed
well (Table II). With low and moderate heritability, the ob-
served and expected values for R2.q, R, and R agreed
(Table II). However, the ratio of observed and expected val-
ues for R2_,. and R2 . substantially deviated from one. This

2
probit logit

was due to the fact that er)robit and RIZogit
for ascertainment bias. We report complete results for the
ratio of observed and expected values in Supplementary

Material Tables SV-SVI.

were not corrected

DISCUSSION

It is reasonable to assume that there is underlying liability
for complex disease (Falconer and Mackay, 1996], and recent
empirical findings from genome-wide association studies
are consistent with highly polygenic models for common
disease [Antoniou and Easton, 2003; Pharoah et al., 2002;
Purcell et al., 2009; The International Multiple Sclerosis Ge-
netics Consortium, 2010; Witte and Hoffmann, 2011]. If this
assumption is valid, it is desirable to have coefficients of de-
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termination on the same scale as liability because then the
goodness-of-fit can be com]2:>ared across studies and traits.
We showed that pseudo-R* statistics based on the likeli-
hood function (e.g. R%.s) are on the observed probability
scale. This is the reason why such R? are inappropriate to
measure the goodness-of-fit of models, i.e. it never reaches
unity even when there is a perfect model fit. Nagelkerke
R? is adjusted for the maximum value so that it may reach
unity; however, the adjustment is inappropriate to measure
the goodness-of-fit of models on the liability scale. We de-
rived and showed the relationship between the observed
probability scale and the underlying liability scale. R? is
a proportion of variance explained by explanatory genetic
factors, and can be transformable between the observed and
the liability scale. Given the simulation results, the R values
on the liability scale were much more appropriate in mea-
suring the goodness-of-fit of models and interpreting model
parameters. The concept of R? as a proportion of total vari-
ance explained by explanatory factors on the liability scale
was suggested previously [McKelvey and Zavoina, 1975].
We explicitly show the relationship between R? on the ob-
served and liability scale, and justified that R? on the liabil-
ity scale is globally valid and comparable. Moreover, when
samples were ascertained, an unbiased estimate of R? on the
liability scale could be obtained, corrected for ascertainment
bias using a modified version of the transformation.

The transformation of R? values on the liability scale de-
pends on the distribution of underlying liability. The as-
sumption of a normal distribution in obtaining R?, R? ,
R’ jpir and Riyc was violated when the true liability had a
logistic distribution (Fig. 1). If liability is the sum of many
multiple independent random genetic and environmental
factors, then the central limit theorem predicts that its dis-
tribution will tend to normality [Falconer and Mackay, 1996,
Gibson, 2009; Valentin, 1999; Wray et al., 2010]. For this rea-
son, the assumption of a normal distribution for liability to
common disease seems reasonable.

In practice, with real data, genetic values on the lia-
bility scale are not observed (g;) but estimated (¢;). For
example, ¢; can be created from validated genome-wide
significant Single Nucleotide Polymorphism (SNPs) or
else from a large number of SNPs with effect sizes es-
timated in an independent discovery sample in a “pro-
file scoring” approach [Chen et al., 2011; Meigs et al.,
2008; Morrison et al., 2007; Purcell et al., 2009; The In-
ternational Multiple Sclerosis Genetics Consortium, 2010;
Wacholder et al., 2010; Wray et al., 2007]. In these examples,
effect sizes are estimated in a fixed effects framework, and
the resulting predictor will be estimated with error (g;), such
that §; = ¢; +¢&. The effect of such errors on the R? values
investigated in this study is that the “heritability” of the
predictor is lower than if it were estimated without error,
and so the R? values will be lower. However, all calcula-
tions and simulations results are still valid if the variation
in liability explained by ¢ is substituted for the heritability
of liability. If the predictor is estimated from random effects
models and unbiased in the sense that the regression of g;
on §; is unity [Goddard et al., 2009] then the R? values will
be unbiased and will reflect the proportion of variance of
liability explained by g;.

We suggest that R* values on the liability scale should
be used to measure the goodness-of-fit of models in which
genetic profiles are used. They are consistent with the un-
derlying scale, independent of population parameters such
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as Kand P, globally comparable between analytical models
and methods and can be compared to heritability. Partic-
ularly, R? and Rﬁmbit values are easily interpretable in re-

lation to true heritability on the underlying liability scale
when using population samples. When using ascertained
case-control studies, Rlzm values, adjusted for ascertainment
bias, is a useful measure with desirable properties.
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APPENDIX A

TRANSFORMATION CORRECTED FOR
ASCERTAINMENT

In ascertained case-control studies, the mean and vari-
ance for case-controls disease status (y..), disease liability
(Icc), and genetic liability (g..) following quantitative genetic
theory [Falconer and Mackay, 1996] are,

E(ye) = P, which is the proportion of cases in the sample,

var(y.) = P(1 — P), which is the phenotypic variance on
the observed scale in the case-control sample,

E(le) = Pm+ (1 — P)my = Pm — (1 — P)ym[K /(1 — K)]
m[(P — K)/(1 - K)].

var(le) = E(2) = E(le)? = P(L+ mt) + (1 = P)(1 + mat)
—m*[(P — K)/(1 = K)P?
=14 Pmt—(1— P)tmK/(1 - K)
—m*[(P - K)/(1 = K)I*
=1-m[(P — K)/(1 = K)}{m[(P — K)/(1 - K)] — £}
=1-6,
where m is the mean liability for cases, m, = —m[K /(1 — K)]
is the mean liability for controls, ¢ is the threshold on
the normal distribution truncating the proportion of dis-
ease prevalence K,and § = m[(P — K)/(1 — K)[{m[(P — K)/
(I-K)] -t}

The mean of genetic liability depends on the mean liabil-
ity phenotype of the cases and the heritability of liability,

E(gee) = WE(ee) = h2[Pm+ (1 - Pymy]
— Wml(P - K)/(1 - K)L.

The variance for genetic liability can be derived as
[Daetwyler et al., 2008],

var(ge.) = E(gfc) — E(ge)* = hf(l - h%e)
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For Equation (12) in main text, the regression of pheno-
type on the observed risk scale on genetic liability in the
case-control study is,

bcc = COV(ycc, gCC)/Var(gcc)
= [E(Wee - 8ee) — E(Yee) E(Qee)]/var(gee)
=[P hjm — P him{(P — K)/(1 = K)}]/var (gc)

(P-K)\1 1
[P'h’zm<1‘(1—1<)>]aga

P(1-P) o] z
=727 % [Notem= = ).
Ka-Ko \OTTK

P(1-
K(I=
coefficient in a regression of phenotype on the observed
risk scale on genetic factors on the scale of liability due
to ascertainment in a case-control study. In the absence of
ascertainment (P = K), this term is 1.

From Equation (14), R,Zm can be derived as,

The term

2
P) o, ope .
re) ;g% quantifies the change of the regression

K(1—K)K(1 —K)o2
P(1-P) o2

R =0’=R:
cc 8 Occ 72

, K(1—K)K@ - K)h?(1-h?6)

Oce z2 P(1-P) cré} ’
Since
R =hi=cl.
and
c_ K1 -K)K(1-K)
- z2 P(1-Pp)’
R C
R? = R2 C(1—h?Q)= —2c .
1ec OC[C( [9) 1 ¥ Rgzuec
APPENDIX B

PSEUDO-R CODE FOR THE METHODS
DESCRIBED IN THE PAPER

nt = total number of the sample

ncase = number of cases

ncont = number of controls

thd = the threshold on the normal distribution
which truncates the proportion of disease

prevalence

population prevalence

proportion of cases in the case-control
samples

thd = -gnorm(X,0,1)

zv dnorm(thd) #z (normal density)

mv zv/K #mean liability for case

mv2 = -mv*K/(1-K) #mean liability for controls

library(Design) #to call lrm

library(pROC) #to get AUC values

# R2 on the observed scale using a liner model

Imv = 1m(y~g) # linear model

R2 = var(lmv$fitted.values)/(ncase/nt*ncont/nt)

# Cox & Smnell R2

logf logLik(glm(y~g,family

logn = logLik(glm(y~1,family

R2 = 1-exp((logn-logf)*(2/nt))

# Nagelkerke R2

lrmv2 = lrm(y~g) # a logistic model to get
Nagelkerke’s R2

R2 = lrmv2$stats[10]

# R2 on the probit liability scale using
a probit model

pmv = glm(y~g,family = binomial(probit)) #
probit model

R2 = var(pmv$linear.predictors)/(var(pmv$linear.
predictors)+1)

# R2 on the logistic liability scale

lrmv = glm(y~g,family = binomial(logit)) #
logistic model

R2 = var(lrmv$linear.predictors)/(var(lrmv$
linear.predictors)+pi~2/3)

# R2 on the liability scale using AUC

aucv = auc(y,pmv$linear.predictors)

qv = gnorm(aucv[1]) #Q in equation (11)

R2 = 2xqv~2/((mv2-mv) “24-qv~2*mv* (mv-thd) +
mv2* (mv2-thd))

# R2 on the liability scale using the
transformation

Imv = 1m(y~g) #linear model

R20 = var(lmv$fitted.values)/(ncase/nt*ncont/nt)
#R2 on the observed scale

theta = mv*(P-K)/(1-K)* (mv* (P-K)/(1-K)-thd) #6 in

equation (15)

cv = K*(1-K)/zv~2xK*(1-K) / (P*(1-P)) #C in
equation (15)

R2 = R20*cv/(1+R20*thetaxcv)

binomial(logit)))
binomial(logit)))

APPENDIX C

WEIGHTED GLM ESTIMATES IN MEASURING
R? FOR GENETIC PROFILE ANALYSIS USING
ASCERTAINED CASE-CONTROL SAMPLES

When ascertained case-control samples are used, esti-
mates from a probit model are biased because the normality
assumption is violated (3). A weighted probit model can be
used to obtain unbiased estimations, weighting cases for the
proportion of ascertainment, i.e. (1 — P)K/[P(1 — K)]. Even
after obtaining unbiased Epwbit, theRémbit from Equation (9)

is still biased because there are still oversampled cases in the
estimation. We used a proportion of cases, i.e. (1 — P)K/[P(1
— K)], such that the number of cases and controls matched
the population incidence, and estimated R;mbit using Equa-
tion (9). The pseudo-R code for these processes is in the
following.

# Weighted R2 from a weighted probit model
wv = (1-P)K/[P(1-K)] #weighting factor
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wt = y+1

wt[wt = = 2] = wv #weighting array

pmv = glm(y~g,weights = wt, family = binomial
(probit)) #weighted probit model

vr = runif(nt,0,1) #uniform random values

vsel = pmv$linear.predictors[y = = control
| vr<wv] #select controls and a proportion
(wv) of cases

R2 = var(vsel)/(var(vsel)+1)

In contrast to a probit model, estimates from a logistic
model are not affected by sample ascertainment because the
estimate is a function of odds ratios (Equation (2)). There-
fore, we could obtain unbiased Blogit from a standard logistic
regression. However, RlzOgit from Equation (10) is biased be-
cause of oversampled cases in the estimation. We used the
same strategy as above to use a proportion of cases, i.e. (1
— P)K/[P(1 — K)], and estimated RlzOgit using Equation (10).

The pseudo-R code for obtaining weighted R2

Jogit 18 1N the

following.
# Weighted R2 from a logistic model

lrmv = glm(y~g,family = binomial(logit))
# logistic model
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vr = runif(nt,0,1) #uniform random values

vsel = lrmv$linear.predictors[y = = control
| vr<wv] #select controls and a proportion
(wv) of cases

R2 = var(vsel)/(var(vsel)+pi~2/3)

Weighted R*> was estimated and compared to the trans-
formation method (Tables SVII and SVIII in Supplementary
Material). For simulations using a normal distribution of
liability, weighted R? from a weighted probit model was
estimated (Table SVII in Supplementary Material). For sim-
ulations using a logistic distribution, weighted R? from a
standard logistic model was obtained (Table SVIII in Sup-
plementary Material).

Table SVII in Supplementary Material shows that
weighted R? from the weighted probit estimates was much
better than that from the unweighted probit estimates when
using simulations of a normal distribution of liability. The
performance of the weighted probit estimates was similar
to that of transformation method (Rlzu) (Table I main text),

although the standard deviations for the weighted R> were
larger. When using simulations of a logistic distribution of
liability, the weighted R? from a logistic model gave unbi-
ased estimates, which were close to the true values (Table
SVIII in Supplementary Material).



