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PROBABILITY THEORY



Probability
Probability provides the language of data analysis.

Equiprobable outcomes definition:

Probability of event E is number of outcomes favorable to E
divided by the total number of outcomes. e.g. Probability of a
head = 1/2.

Long-run frequency definition:
If event E occurs n times in N identical experiments, the prob-
ability of E is the limit of n/N as N goes to infinity.

Subjective probability:
Probability is a measure of belief.



First Law of Probability

LLaw says that probability can take values only in the range zero
to one and that an event which is certain has probability one.

0<Pr(E)<1

Pr(E|E) = 1 for any E
i.e. If event E is true, then it has a probability of 1. For example:

Pr(Seed is Round|Seed is Round) = 1



Second Law of Probability

If G and H are mutually exclusive events, then:
Pr(Gor H) = Pr(G)+ Pr(H)
For example,

Pr(Round or Wrinkled)

Pr(Round) 4+ Pr(Wrinkled)

More generally, if £, =1,...r, are mutually exclusive then

Pr(E{o0r ... or E;) Pr(E1) + ...+ Pr(E;)

> Pr(E;)



Complementary Probability

If Pr(E) is the probability that E is true then Pr(E) denotes the
probability that E is false. Because these two events are mutually
exclusive

Pr(E or E) = Pr(E)+ Pr(E)

and they are also exhaustive in that between them they cover all
possibilities — one or other of them must be true. So,

1
1 —Pr(E)

Pr(E) + Pr(E)
Pr(E)

The probability that E is false is one minus the probability it is
true.



Third Law of Probability

For any two events, G and H, the third law can be written:
Pr(G and H) = Pr(G)Pr(H|G)

There is no reason why G should precede H and the law can also
be written:

Pr(G and H) = Pr(H)Pr(G|H)
For example
Pr(Seed is round & is type AA) = Pr(Seed is round|Seed is type AA)

x Pr(Seed is type AA)
= 1X p124



Independent Events

If the information that H is true does nothing to change uncer-
tainty about G, then
Pr(GIH) = Pr(G)

and

Pr(H and G) = Pr(H)Pr(G)

Events GG, H are independent.



Law of Total Probability

If G, H are two mutually exclusive and exhaustive events (so that
H = G = not — G), then for any other event E, the law of total
probability states that

Pr(EF) = Pr(E|G)Pr(G)+ Pr(E|H)Pr(H)

This generalizes to any set of mutually exclusive and exhaustive
events {S;}:

Pr(E) = > Pr(E|S;) Pr(S;)

For example

Pr(Seed is round) Pr(Round|Type AA) Pr(Type AA)
+ Pr(Round|Type Aa) Pr(Type Aa)
+ Pr(Round|Type aa) Pr(Type aa)

1xp4+1X2papa+0xp2=ps(l+py)

10



Bayes’ Theorem

Bayes' theorem relates Pr(G|H) to Pr(H|G):

Pr(G|H) = P;fgg), from third law
P
"(HG) PF(G), from third law
Pr(H)

If {G;} are exhaustive and mutually exclusive, Bayes' theorem
can be written as

Pr(H|G;) Pr(G;)
> Pr(H|G;) Pr(G;)

Pr(G;|H)

11



Mendel’s Data

Model: seed shape governed by gene A with alleles A, a:

Genotype Phenotype

AA Round
Aa Round
aaq Wrinkled

Cross two inbred lines: AA and aa. All offspring (F; generation)
are Aa, and so have round seeds.
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F> generation

Self an F7 plant: each allele it transmits is equally likely to be A
or a, and alleles are independent, so for F5 generation:

Pr(AA) = Pr(A)Pr(A) =0.25

Pr(Aa) = Pr(A)Pr(a)+ Pr(a)Pr(A) =0.5

Pr(aa) = Pr(a)Pr(a) = 0.25
Probability that an F» seed (observed on Fy parental plant) is

round:

Pr(Round)

Pr(Round|AA)Pr(AA)

+ Pr(Round|Aa)Pr(Aa)

+ Pr(Round|aa)Pr(aa)

1 x0254+1x0540x0.25
0.75
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F> generation

What are the proportions of AA and Aa among F5 plants with
round seeds? From Bayes' Theorem:
Pr(F> Round|AA) Pr(F> AA)

Pr(F2 = AA|F; Round) = Pr(F> round)

|
(Y
X
D=

HlW

Wl =
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Sampling

Statistical sampling: The variation among repeated samples
from the same population is analogous to ‘“fixed” sampling. In-
ferences can be made about that particular population.

Genetic sampling: The variation among replicate (conceptual)
populations is analogous to “random’” sampling. Inferences are
made to all populations with the same history.
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Classical Model

Reference population
(Usually assumed infinite and in equilibrium)

| |
Time 1 Po%psﬂlzaet I]C\)fn Po%psﬂlzaet I]C\)fn
Time 2 Po%psﬂlzaet I]C\)fn o Po%psﬂlzaet I]C\)fn
| |
| |
Time ¢ Population Population

of size N of size N

Sam@\ample of

size n o size n



Coalescent Theory

An alternative framework works with genealogical history of a
sample of alleles. There is a tree linking all alleles in a current
sample to the “most recent common ancestral allele.” Allelic
variation due to mutations since that ancestral allele.

The coalescent approach requires mutation and may be more
appropriate for long-term evolution and analyses involving more
than one species. The classical approach allows mutation but
does not require it: within one species variation among popula-
tions may be due primarily to drift.
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ALLELE FREQUENCIES
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Properties of Estimators

Consistency Increasing accuracy
as sample size increases

Unbiasedness Expected value is the parameter
Efficiency Smallest variance

Sufficiency Contains all the information
in the data about parameter
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Binomial Distribution

Most population genetic data consists of nhumbers of observa-
tions in some categories. The values and frequencies of these
counts form a distribution.

Toss a coin n times, and note the number of heads. There
are (n+ 1) outcomes, and the number of times each outcome is
observed in many sets of n tosses gives the sampling distribution.
Or: sample n alleles from a population and observe x copies of
type A.

20



Binomial distribution
If every toss has the same chance p of giving a head:

Probability of x heads in a row is

X

PXPX...Xp = p

Probability of n — x tails in a row is

(1-p)xAQ-px..xA-p) = A-p"*

The number of ways of ordering x heads and n — z tails among
n outcomes is n!/[z!(n — x)!].

The binomial probability of x successes in n trials is

Pr(zlp) = x!(nnix)!px(l_p)n—x

21



Binomial Likelihood

The quantity Pr(x|p) is the probability of the data, x successes
in n trials, when each trial has probability p of success.

The same quantity, written as L(p|x), is the likelihood of the
parameter, p, when the value x has been observed. The terms
that do not involve p are not needed, so

L(plz) o p(1 —p)n—=)

Each value of x gives a different likelihood curve, and each curve
points to a p value with maximum likelihood. This leads to
maximum likelihood estimation.
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Likelihood L(p|z,n = 4)

L(p)
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Binomial Mean

If there are n trials, each of which has probability p of giving a
success, the mean or the expected number of successes is np.

The sample proportion of successes is

(This is also the maximum likelihood estimate of p.)

The expected, or mean, value of p is p.

E(P) = p
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Binomial Variance

The expected value of the squared difference between the num-

ber of successes and its mean, (z — np)?2, is np(1 — p). This is
the variance of the number of successes in n trials, and indicates

the spread of the distribution.

The variance of the sample proportion p is

p(1 —p)

Var(p) =
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Normal Approximation

Provided np is not too small (e.g. not less than 5), the binomial
distribution can be approximated by the normal distribution with
the same mean and variance. In particular:

p(1 —p)>

n

D~ N<p,

To use the normal distribution in practice, change to the standard
normal variable z with a mean of O, and a variance of 1:

~

_ p—Dp
Vp(1—p)/n
For a standard normal, 95% of the values lie between +1.96.

The normal approximation to the binomial therefore implies that
95% of the values of p lie in the range

p =+ 1.96\/p(1 —p)/n

<
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Confidence Intervals

A 95% confidence interval is a variable quantity. It has end-
points which vary with the sample. Expect that 95% of samples
will lead to an interval that includes the unknown true value pe.

The standard normal variable z has 95% of its values between
—1.96 and +1.96. This suggests that a 95% confidence interval
for the binomial parameter p is

o
5+ 1.96\/p( p)

n
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Confidence Intervals

For samples of size 10, the 11 possible confidence intervals are:

De Confidence Interval

0.0 0.0 + 0.00 0.00,0.00
0.1 0.1 4+2+0.009 0.00,0.29
0.2 0.24+2+0.016 0.00,0.45
0.3 0.3+2+0.021 0.02,0.58
0.4 0.44+2+0.024 0.10,0.70
0.5 0.54+2v0.025 0.19,0.81
0.6 0.6 4+2+0.024 0.30,0.90
0.7 0.7 +£2+0.021 0.42,0.98
0.8 0.84+2+v0.016 0.55,1.00
0.9 0.94+2+0.009 0.71,1.00
1.0 1.0 £0.00 1.00,1.00

Can modify interval a little by extending it by the “continuity
correction” +1/2n in each direction.
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Confidence Intervals

To be 95% sure that the estimate is no more than 0.01 from
the true value, 1.96\/]9(1 — p)/n should be less than 0.01. The
widest confidence interval is when p = 0.5, and then need

0.01 > 1.96/0.5x 0.5/n

which means that n > 10,000. For a width of 0.03 instead of
0.01, n =~ 1,000.

If the true value of p was about 0.05, however,

0.01 > 2,/0.05 x 0.95/n
n > 1,900 ~ 2,000
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Exact Confidence Intervals: One-sided

The normal-based confidence intervals are constructed to be
symmetric about the sample value, unless the interval goes out-
side the interval from O to 1. They are therefore less satisfactory
the closer the true value is to O or 1.

More accurate confidence limits follow from the binomial distri-
bution exactly. For events with low probabilities p, how large
could p be for there to be at least a 5% chance of seeing no
more than z (i.e. 0,1,2,...x) occurrences of that event among
n events. If this upper bound is pg,

X
Y Pr(k) > 0.05
k=0

X

n _
3 ( )p’ff(l—py)” k> 0.05
k=0 k

If z = 0, then (1 — py)™ > 0.05 or py < 1 — 0.051/7 and this is
0.0295 if n = 100. More generally p;y = 3/n when z = 0.
30



Exact Confidence Intervals: Two-sided

Now want to know how large p could be for there to be at
least a 2.5% chance of seeing no more than x (i.e. 0,1,2...x)
occurrences, and in knowing how small p could be for there to be
at least a 2.5% chance of seeing at least z (i.e. z,z+1,z+2,...7n)
occurrences then we need

T o/n

Z( )p’ff(l—py)”—’“ > 0.025
k=0 k

mn

3 (Z)p’zu—pm—k > 0.025
k=x

The second of these equations may be written as

r—1

Y (”) pi(1—p)" % < 0975
k=0 k

If x = n, then p} < 0.975 or py, < 0.9751/" and this is 0.9997 if
n = 100. Interval is not symmetric if p = 0.5.
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Bootstrapping

An alternative method for constructing confidence intervals uses
numerical resampling. A set of samples is drawn, with replace-
ment, from the original sample to mimic the variation among
samples from the original population. Each new sample is the
same size as the original sample, and is called a bootstrap sam-
ple.

The middle 95% of the sample values p from a large number of
bootstrap samples provides a 95% confidence interval.
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Multinomial Distribution

Toss two coins n times. For each double toss, the probabilities
of the three outcomes are:

2 heads pgg = 1/4
1 head, 1 tail pygpr = 1/2
2 tails prT — 1/4

The probability of = lots of 2 heads is (pyg)*, etc.

The numbers of ways of ordering x,y, z occurrences of the three
outcomes is n!/[z!y!z!] where n =z 4+ y + .

The multinomial probability for x of HH, and y of HT or T H
and z of TT" in n trials is:

n!

'Z! (par)"(our)’(rT)”

Pr(zy,2) =

33



Multinomial Variances and Covariances

If {p;} are the probabilities for a series of categories, the sam-
ple proportions p;, from a sample of n observations have these
properties:

EW;) = p;
_ 1
Var(p;) = gpi(l—pz')
- - 1 . .
Cov(p;, pj) = ——PiPj» i 7

The covariance is defined as £[(p; — p;)(D; — p;)].

For the sample counts:

E(n;) = mnp;
Var(n;) = npi(1—p;
Cov(nj,nj) = —nppj, 1 7]
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Allele Frequency Sampling Distribution

If a locus has alleles A and a, in a sample of size n the allele
counts are sums of genotype counts:

n = mnAgqa+ Nag + Naa
nA = 2n44 T NAq
Nag — Qnaa"‘nAa
2n = ny + ng

Genotype countsin a random sample are multinomially distributed.
What about allele counts? Approach this question by calculating
variance of ny4.
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Within-population Variance

Var(nA) = Var(QnAA+nAa)

Var(QnAA) —+ QCOV(QTLAA, nAa) —+ Var(nAa)

= 2npa(1 —pa) +2n(Payg — p2)

This is not the same as the binomial variance 2np4(1—p4) unless

Pyp = pi. In general, the allele frequency distribution is not
binomial.

The variance of the sample allele frequency py = n4/(2n) can
be written as

>
_ pa(l —pa) , Paa—p
Var(pg) = o + o A4
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Within-population Variance

It is convenient to reparameterize genotype frequencies with the
(within-population) inbreeding coefficient f:

Pas = p3+ foa(l —pa)
Pprqg = 2paAPa — 2fpAPa
Poo = pg + fpa(]- —pa)

Then the variance can be written as

pa(l —pa)(1+ f)
2n

This variance is different from the binomial variance of p4(1 —
pA)/2n.

Var(pyg) =

37



Bounds on f

Since

pA> Paa = pa+ fpa(l —py) >0
Pa = Paa p§+fpa(1—pa)20

there are bounds on f:

—pa/(1—pa) < f <
—pa/(l—pa)é J <

=

or

This range of values is [-1,1] when p4 = pq.
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Indicator Variables

A very convenient way to derive many statistical genetic results
is to define an indicator variable z;; for allele j in individual i:

1 if alleleis A
Yig = {o if allele is not A
Then
E(xij) = pa
E(x3) = pa
E(mijziy) = Paa

If there is random sampling, individuals are independent, and

E(wijay) = E(wi)E(myy) = p3

39



Intraclass Correlation

The inbreeding coefficient is the correlation of the indicator vari-
ables for the two alleles at a locus carried by an individual. This
IS because:

Var(a;z-j) 5(33@2]) — [5(377,])]2
= pa(l—pa)

Var(z;), j#j

and
P —n2
AA — DA
= fpa(l—py)
SO

COV(HZZ']‘, ZIZij/) .
\/Var(a;ij)Var(a;ij/) -

COI’I’(JZij, ZIZij/) =

f

40



Maximum Likelihood Estimation: Binomial

For binomial sample of size n, the likelihood of p4 for n4 alleles
of type A is

L(palng) = C(pa)" (1 —py)'— "4
and is maximized when
OL(palna) _ o o when 2ML(palna) _ o
Op A Op A
Now
INnL(palna) = INnC4+naln(pa) + (n—ny)In(l —py)
SO
OInL(palng) _ na n—ny
Op A " pa 1l-pa

and this is zero when py = pgq = ny/n.
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Maximum Likelihood Estimation: Multinomial
If {n;} are multinomial with parameters n and {Q;}, then the
MLE's of Q; are n;/n. This will always hold for genotype pro-

portions, but not always for allele proportions.

For two alleles, the MLE's for genotype proportions are:

Pasa = nga/n
Ppg = nAa/n
Poa = naa/n

Does this lead to estimates of allele proportions and the within-
population inbreeding coefficient?

= p3+ fpa(l —pa)
Pao = 2pa(1 —pa) —2fpa(1 —pa)
(1 —pa)?+ fpa(l —pa)

I
N
|

&
|
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Maximum Likelihood Estimation

The likelihood function for py, f is

!
Loa ) = el +pa(l - pa)f1" 4

x[2pa(1 — pa) F1™4a[(1 — pa)* + pa(1 — pa) f17e

and it is difficult to find, analytically, the values of p4 and f that
maximize this function or its logarithm.

There is an alternative way of finding maximum likelihood esti-

mates in this case: equating the observed and expected values
of the genotype frequencies.
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Bailey’s Method

Because the number of parameters (2) equals the number of
degrees of freedom in this case, we can just equate observed and
expected (using the estimates of p4 and f) genotype proportions

naa/m p3 + Fha(l —Ba)

NAq/M 264(1 —pa) —2fpa(l —pa)

naa/n = (1 —pa)>+ foa(l —pa)
Solving these equations (e.g. by adding the first equation to half
the second equation) for p4 and f:

. 2npatnag _ -
pA = on — PA
7= An A AMaa — nia 1 Py,

(2144 + 140) Cnaa +n4g) 2D APa
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T hree-allele Case

With three alleles, there are six genotypes and 5 df. To use
Bailey's method, would need five parameters: 2 allele frequencies
and 3 inbreeding coefficients:

Pi1 = pi+ fiop1p2 + f13p1p3
Pio = 2pip> — 2f12p1p2
Py = p3+ f1op1p2 + f23p2p3
P13 = 2pip3 — 2f13p1p3
P>z = 2pop3 — 2fo3p2p3
P33 = p3+ f13p1p3 + f23p2p3

We would generally prefer to have only one inbreeding coefficient
f. It is a difficult numerical problem to find the MLE for f.
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Method of Moments

An alternative to maximum likelihood estimation is the method
of moments (MoM) where observed values of statistics are set
equal to their expected values. In general, this does not lead to
unique estimates or to estimates with variances as small as those
for maximum likelihood. (Bailey's method is for the special case
where the MLEs are also MoM estimates.)
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Method of Moments

For the inbreeding coefficient at loci with m alleles, two different
MoM estimates are

. S (P — 52) 4 5 XM (Bu — Pun)
Jw M Bl — fu) — &5 (Gu— P
Y1 (Puu — P3)
>t pu(l — Pu)

_ 1 (P —p2

JH — > -

u=1 Pu

For loci with two alleles, m = 2, the two moment estimates are
equal to each other and to the maximum likelihood estimate:
pAa
2§Aﬁa

Q

fw=rfg = 1-
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Expectations of Moment Estimates

T he expected values of the estimated inbreeding coefficients can
be found by using the results

E(Puw) = Puu=p>+ fou(l —pu)
5(5?0 — Du

G = R+ p-p)(A+ P

Then, approximating the expectation of a ratio by the ratio of
expectations:

fn%l(l B ZZI 1pu)

WA G e
N m (1 — pu)(f — 2L
Wy
—1 U

y
2n

= -y
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MLE for Recessive Alleles

Suppose allele a is recessive to allele A. If there is Hardy-
Weinberg equilibrium, the likelihood for the two phenotypes is

L(pa) (1 — pg)n~"aa(pZ)naa
IN(L(pa) = (n—naa) IN(1 — pg) ~+ 2n4q IN(Pa)

where there are ngq individuals of type aa and n — ngqq Of type A.
Differentiating wrt pq:

(9 In L(pa) . 2pa(n — naa) 2naa
apa 1 — pa Pa

Setting this to zero leads to an equation that can be solved
explicitly: pZ = ngq/n. NO need for iteration.
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EM Algorithm for Recessive Alleles

An alternative way of finding maximum likelihood estimates when
there are “missing data’’ involves Estimation of the missing data
and then Maximization of the likelihood. For a locus with allele A
dominant to a the missing information is the frequencies (1—1%)2
of AA, and 2pq(1 —py) of Aa genotypes. Only the joint frequency
(1 —p2) of AA+ Aa can be observed.

Estimate the missing genotype counts (assuming independence
of alleles):

n _ (1_pa)2(n—n ) _ (1_pa)(n_naa)
A4 1 - p2 " (14 pa)
_ 2pa(l — pa) B _ 2pa(n — naa)
NAq — 5 (n naa) —

1 —pg (1 +pa)
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EM Algorithm for Recessive Alleles

Maximize the likelihood (using Bailey's method):

~ __ NAg + 2nqa
2n
1 (2pqa(n — nga)
2n ( (1 4+ pa)
2(npa + naa,)
2n(1 4+ pg)

+ 2“@@)

An initial estimate py is put into the right hand side to give an
updated estimated p, on the left hand side. This is then put
back into the right hand side to give an iterative equation for py.

This procedure also has explicit solution p, = \/(naa/n).
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EM Algorithm for Two Loci

For two loci with two alleles each, the ten two-locus frequencies are:

Genotype Actual Expected | Genotype Actual Expected
AB/AB  P{B iR AB/Ab PiB  2papa
AB/aB  PAB  2papp.s | AB/ab P48 2pappa

Ab/Ab pb P Ab/aB pAb 2D AbPaB
Ab/ab pab 2P AbPab aB/aB Pig Pan
aBfab PP 2p.pps | abjab Py Pay
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EM Algorithm for Two Loci

Gamete frequencies are marginal sums:
pPAB = Pfg‘F%(beB"‘PfBB"‘PﬁB)
par = P+ (P + PA + P
pap =PI+ (PE5+ PAP + PAD)

1
Pay = Pay + (Pl + Pip + Pip)

Can arrange gamete frequencies as two-way table to show that
only one of them is unknown when the allele frequencies are
known:

PAB PAb|PA

PaB DPab | Pa
pp pp | 1
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EM Algorithm for Two Loci

The two double heterozygote frequencies P45, P/ are “missing
data.”

Assume initial value of pyp and Estimate the missing counts:

AB __ PABPab

nab — N AaBb
PABPab T PALPaB

Ab PAbPaB

NaB — N AaBb

PABPab T PAbPaB
and then Maximize the likelihood by setting

1 AB AB AB AB
PAB = o~ (2n4% + ndl +nif +ni’)
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Example

As an example, consider the data

BB Bb bb Total

AA |naaBB =15 naapy =3 naap =2 |naa =10

Aa | maeBB =3 mMAeBb =2 Nawb=0] ngqe=>5

aa NgaBB =0 MgaBb =0 Ngapp =0 | Maag =0
Total ngp = 38 ngy = 5 Npp = 2 n =15

There is one unknown gamete count x = nyp = 2npyp for AB:

B b Total
A NAB = X nagp =25 —x|ny =25
a ngg =21 —x nyp =x—16 | ng =
Total ng = 21 ny =9 2n = 30

21 > x > 16
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Example

EM iterative equation:

/

T = 2NAABB T MAABb T "AaBB T "AB/ab
2D ABPab
= 2NnAABB T MAABb T "AaBB T . ™ AaBb
2p ABPab t 2P AbPaB
— 10434342 2u(z — 16)
B 2zx(x — 16) +2(25 — z2)(21 — x)

x(x — 16)
x(x —16) + (25 — z)(21 — x)
Note that, if x = 16, then 2/ = 16!

= 16 +
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Example

A good starting value would assume independence of A and B
alleles: x =2n*xpyxpg = (25 x 21/30) = 17.5.

Successive iterates are:

Iterate « value
17.5000
17.0000
16.6939
16.4893
16.3473
16.2472

aOr,rWNORHLO

The solution is actually x = 16. This particular example does
not have convergence to the MLE for some starting values for
x.
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ALLELIC ASSOCIATION
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Hardy-Weinberg Law

For a random mating population, expect that genotype frequen-
cies are products of allele frequencies.

For a locus with two alleles, A, a:

Paag = (pa)?
Ppq = 2pApa
Paa — (pa)2

These are also the results of setting the inbreeding coefficient f
to zero.

For a locus with several alleles A;:

>
Py, (p4;)
Paa; = 2papA;
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Inference about HWE

Departures from HWE can be described by the within-population
inbreeding coefficient f. This has an MLE that can be written
as

f _ 4nAAnaa—n124a
(2nga +n4,)(2naa +nag)
and we can use ‘“Delta method’” to find

E) = f

Var(f) ~ ﬁ(l — P2papa(l — A —20) + f(2 - D]

If f is assumed to be normally distributed then, (f—f)/y/Var(f) ~
N(0,1). When Hj is true, the square of this quantity has a chi-
square distribution.
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Inference about HWE

Since Var(f) = 1/n when f = 0:

R 2
2 — =1
Var(f)
2
T 1/n
= nf

is appropriate for testing Hp : f = 0. When Hj is true, X2 ~ X%l)'
Reject HWE if X2 > 3.84.
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Significance level of HWE test

Chi-square with 1 df

0.6 0.8 1.0

f(X*2)

0.4

0.2

Probability=0.05

0.0
X
>
N
I
w
3
S

X2

The area under the chi-square curve to the right of X2 = 3.84
is the probability of rejecting HWE when HWE is true. This is
the significance level of the test.
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Goodness-of-fit Test

An alternative, but equivalent, test is the goodness-of-fit test.

2
Genotype | Observed Expected (Obsé;gxp')
AA nAA npq np2 f2
~ P )
Aa nAq 2npaPa | 2npaPaf
aa naa npa np5 f
T he test statistic is

Obs. — Exp)? N
X2 = Z( P)” nf?

EXp.
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Goodness-of-fit Test

Does a sample of 6 AA, 3 Aa, 1 aa support Hardy-Weinberg?

First need to estimate allele frequencies:

- ~ 1 -
DA Paa+ EPAa = 0.75

~ ~ 14
Pa Paa + EPAG = 0.25

Then form “expected” counts:

nAA n(p4)? = 5.625
NAq = 2nPaPa = 3.750
n(pa)? = 0.625

Naa
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Goodness-of-fit Test

Perform the chi-square test:

Genotype | Observed Expected | (Obs. — Exp.)2/Exp.
AA 6 5.625 0.025
Aa 3 3.750 0.150
aa 1 0.625 0.225
Total 10 10 0.400

Note that f=1—-0.3/(2 x 0.75 x 0.25) = 0.2 and X2 = nf=.
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Sample size determination

Although Fisher's exact test (below) is generally preferred for
small samples, the normal or chi-square test has the advantage
of simplifying power calculations.

Assuming that f IS normally distributed, form the test statistic
f—f
Var(f)

Under the null hypothesis Hy : f = 0 this is zg = /nf. For a two-
sided test, reject at the a% level if zg < Zoaj2 OF 20 2 21 o2 =
—Zq/2- For a 5% test, reject if 290 < —1.96 or zg > 1.96.
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Sample size determination

If the hypothesis is false, the normal test statistic is

» = L2~ a(F- ) = 20— vif
v/ Var(f)
(using the null-hypothesis value of the variance in the denomina-
tor). Suppose f > 0 so rejection occurs when zg > —Z4/2- With
this rejection region, the probability of rejecting is > (1 — 3) if
the rejection region amounts to z = zg — /nf > z3. i.e.

—z&/z—\/ﬁf = zg
TLf'2 — (ZOé/Q_I_Zﬁ)Q

For 5% significance level —Zy)2 = 1.96, and for 90% power zg =
—1.28 so we need nf2 > (—-1.96 — 1.28)2 = 10.5. i.e. n has to
be over 100,000 when f = 0.01.
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Sample size determination

More directly, when the Hardy-Weinberg hypothesis is not true,
the test statistic nfz has a non-central chi-square distribution
with one degree of freedom (df) and non-centrality parameter
A =nf2. To reach 90% power with a 5% significance level, for
example, it is necessary that A > 10.5.

In this one-df case, the non-centrality value follows from per-
centiles of the standard normal distribution. If z; is the zth
percentile of the standard normal, than for significance level «
and power 1 — 8, A = (242 + 25)2.
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Power of HWE test

Non-central Chi-square with 1 df, ncp=10.5

0.08

0.06

Probability=0.90

f(Xr2)
0.04

0.02

0.00

- X
>
[\o)
Il
w
e
~

0 5 10 15 20 25 30

The area under the non-central chi-square curve to the right
of X2 = 3.84 is the probability of rejecting HWE when HWE
is false. This is the power of the test. In this plot, the non-
centrality parameter is A = 10.5.
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Significance Levels and p-values

The significance level o« of a test is the probability of a false
rejection. It is specified by the user, and along with the null
hypothesis, it determines the rejection region. The specified, or
“nominal” value may not be achieved for an actual test.

Once the test has been conducted on a data set, the probability
of the observed test statistic, or a more extreme value, if the
null hypothesis is true is the p-value. The chi-square and normal
tests shown above give approximate p-values because they use a
continuous distribution for discrete data.

An alternative class of tests, “exact tests,” use a discrete distri-
bution for discrete data and provide accurate p-values. It may
be difficult to construct an exact test with a particular nominal
significance level.
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Exact HWE Test

The preferred test for HWE is an exact one. The test rests
on the assumption that individuals are sampled randomly from
a population so that genotype counts have a multinomial distri-
bution:

n!
Pr(nga, nag, Naa) = — (P4 a)" " AA(Py,) A0 ( Pyg) e
nAA.nAa.naa.

This equation is always true, and when there is HWE (Pg4 = p5

etc.) there is the additional result that the allele counts have a
binomial distribution:

(2n)!

Pr(ng,ne) = (pa)"A(pa)™
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Exact HWE Test

Putting these together gives the conditional probability

PF(TLAA, NAas Naa, A, na| HWE)
Pr(ny4,neHWE)

|
o (p3) ™ AA(2p gpa) e (pg ) e

Pr(naa, nAq Naaln A, Na, HWE)

NAAMAq
2n)!
D (p 4)na(pa)ne

n! 2" Aan 41ng!

naa'n Aqg'Naa! (2n)!

Reject the Hardy-Weinberg hypothesis if this quantity, the prob-
ability of the genotypic array conditional on the allelic array under
HWE, is among the smallest of its possible values.
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Exact HWE Test

For convenience, write the probability of the genotypic array,
conditional on the allelic array and HWE, as Pr(ng,|n,n4). Re-

ject the HWE hypothesis for a data set if this value is among
the smallest probabilities.

As an example, consider (ngq4 = 1,n4, = 0,140 = 49). The allele
counts are (ngq = 2,n, = 98) and there are only two possible
genotype arrays with those allele counts:

AA Aa aa Pr(ng.ln,n4)

1 0 49 50! 2021081 _ 1

1101491 100! — 99

50! 222198! __ 98
O 2 43| g 1001 — 99
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Exact HWE Test

The probability of the data (ngq4 = 1,n4, = 0,140 = 49), CON-
ditional on the allele frequencies and on HWE, is 1/99 = 0.01
which is not nearly as small as the value suggested by the chi-
square statistic of 50. (Because Py, =0,f=1,X2=n.)

Traditionally, the p-value is the (conditional) probability of the
data plus the probabilities of all the less-probable datasets. The
probabilities are all calculated assuming HWE is true. More re-
cently (Graffelman and Moreno, Statistical Applications in Ge-
netics and Molecular Biology 2013; 12:433-448) it has been
shown that the test has a significance value closer to the nomi-
nal value if the p-value is half the probability of the data plus
the probabilities of all datasets that are less probable under
the null hypothesis. For the previous slide then, the p-value
is 1/198=0.005. A 5% exact significance level is not achievable.
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Mid p-value

For this example:

AA Aa aa Pr(ng.ln,n4) p—value mid p—value

1 0 49| 392298 _ L 0101  0.0051

0 2 48|539,2298 98 ;09000  0.5051

The average mid-p value is exactly 0.5, as for a uniform distri-
bution on [0,1].

75



Mid-p values

A One-sided B Doubled one-sided
0.30 — 0.30 —
= 0.20 - 0204
= =z
=z _ =z -
2 &
o 010 & 010
0 0
T T T T T T T T T T T T T TTT T T T T T T T T T T T T T T T
0 4 8 12 16 20 24 28 0 4 8 12 16 20 24 28
Mg Nig
C Two-sided D Mid
0.30 — 0.30 —
= 0.20 — 0.20 4
Z z
=z F4
5 i =z i
2 S
< 010 @ 0.10
] -D_
L e e e e e T T T T T T T T T T T T T T T
0 4 8 12 16 20 24 28 0 4 8 12 16 20 24 28

Nas Nug

Figure1 Computation of the p-value in an exact test for HWP, for a sample of 50 individuals with a minor allele count of 23, for
which 13 heterozygotes were observed. (A) One-sided p-value in a test for heterozygote dearth. (B) p-value obtained by dou-
bling the one-sided tail. (C) Standard two-sided p-value, (D) Mid p-value based on half the probability of the observed sample.
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Example

For a sample of size n = 100 with minor allele count of 14, there
are 8 sets of possible genotype counts:

Exact Chi-square
nAA MAg MNaa Prob. Mid p-value X~ p-value
93 0 7 0.0000 0.0000* 100.00 0.0000*
02 2 6 0.0000 0.0000* 71.64 0.0000*
o1 4 5 0.0000 0.0000* 47.99 0.0000*
90 6 4 0.0002 0.0001* 29.07 0.0000*
89 8 3 0.0051 0.0028* 14.87 0.0001*
388 10 2 0.0602 0.0354* 5.38 0.0204*
87 12 1 0.3209 0.2260 0.61 0.4348
86 14 O 0.6136 0.6932 0.57 0.4503

So, for a nominal 5% significance level, the actual significance
level is 0.0204 for a chi-square test that rejects when ny, < 10
and is 0.0354 for an exact test that also rejects when ny, < 10.
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Effect of Minor Allele Frequency

The minor allele frequency (MAF) in the previous example was
14/200 = 0.07. How does the exact test behave with other MAF

values?

In particular, what is the size of the actual significance level
when the nominal value is &« = 0.057 In other words, we decide
to reject HWE for any sample with a p-value of 0.05 or less and
choose the rejection region accordingly, what are the probabilities
of rejecting?” We would hope that the empirical significance level
would be close to the nominal value, but we find that it may not
be.
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ng = 16 Mminor alleles

When the minor allele frequency is 0.08, for a nominal 5% signif-
icance level, the actual significance level is 0.0070 for an exact
test that rejects when ny, < 10.

NAA MAq Maa Pr(ngglne) Mid p—value

92 o) 3 .0000 .0000
o1 2 7 .0000 .0000
90 4 6 .0000 .0000
39 6 5 .0000 .0000
38 3 4 .0008 .0004
gr 10 3 0123 .0070
86 12 2 .0974 0618
86 14 1 3681 2946
84 16 O 5215 (392
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ng = 15 minor alleles

When the minor allele frequency is 0.075, for a nominal 5%
significance level, the actual significance level is 0.0474 for an
exact test that rejects when ny, < 11.

NAA MAq Maa Pr(ngglne) Mid p—value

92 1 7 .0000 .0000
o1 3 6 .0000 .0000
90 5 5 .0000 .0000
39 7 4 .0004 .0002
38 9 3 .0081 .0045
gr 11 2 0776 0474
g6 13 1 3464 2594
86 15 O 5675 7163
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ng = 13 minor alleles

When the minor allele frequency is 0.065, for a nominal 5%
significance level, the actual significance level is 0.0483 for an
exact test that rejects when ny, < 9.

NAA MAq Maa Pr(ngglne) Mid p—value

93 1 6 .0000 .0000
92 3 5 .0000 .0000
o1 5 4 .0001 .0000
90 7 3 .0030 0016
39 9 2 .0452 0257
88 11 1 2923 .1945
gr 13 O .6595 6704
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ng = 12 minor alleles

When the minor allele frequency is 0.06, for a nominal 5% signif-
icance level, the actual significance level is 0.0344 for an exact
test that rejects when ny, < 8.

NAA MAq Maa Pr(ngglne) Mid p—value

94 O 6 .0000 .0000
93 2 5 .0000 .0000
92 4 4 .0000 .0000
o1 6 3 .0017 .0009
90 8 2 0327 .0181
89 10 1 2612 .1650
88 12 O .7045 6479
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Graffelman and Moreno, 2013

ox=0.05 o=0.01 o=0.001

T T T T T T T T T T T T T T T T
0 200 400 600 800 1000 0 200 400 600 BOD 1000 0 200 400 600 800 1000

Figure 2 Type | error rate against minor allele count for different sample sizes (25, 50, 100 and 1000) and significance levels
(0.05, 0.01, and 0.001) for exact tests with standard wo-sided (red), doubled one-sided (blue) and mid p-values (green).
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Power of Exact Test

If there is not HWE:

n!
Pr(nAa|nA7na) — I : (PAA)nAA(PAa)nAa(P )naa
nNAAMNAq Maa!

n! nAa ng— nAa

— I | (PAA) (PAa)nAa(Paa)
NAAT Aq Maa!

N Aa
— PR (e

nAA'nA naa! vV PasPaa
Cyp"Aa
naalm A, Maa!
where v = Py,/(v/PaaPaq) Mmeasures the departure from HWE.
The constant ' makes the probabilities sum to one over all
possible ny, values: C = 1/[>,, ¥"4a/(naa'naq'nadt)].
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Power of Exact Test

Once the rejection region has been determined, the power of the
test (the probability of rejecting) can be found by adding these
probabilities for all sets of genotype counts in the region. HWE
corresponds to ¥ = 2. What is the power to detect HWE when
Y = 1, the sample size is n = 10 and the sample allele counts
are nq = 15,n4 = 5. Note that C = 1/[1/(5!5!0!) +1/(6!3!1!) +
1/(71112)].

Pr(naqlna,n)

NAA NAg Naa Y =2 Pp=1
5 5 O 0.520 0.262
6 3 1 0.433 0.364
’ 1 2 0.047 0.374

The ¢» = 2 column (i.e. HWE) shows that the rejection region is
na, = 1. The » =1 column (not HWE) shows that the power
(the probability ng, = 1 when ¢p = 1) is 37.4%.
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Power when n, = 16
T he rejection region of ny4, < 10 is determined from null hypoth-

esis, and the power is determined from the multinomial distribu-
tion. Rejection is unlikely if f < 0.

Pr(ng,ne = 16,n = 100)

¢ 250 .500 1.000 2.000 4.000 8.000 16.000

yr f 631 398 .157 .000 -—-.062 —-.081 —-.085
O .0042 .0000 .0000 .0000 .0000 .0000 .0000
2 .0956 .0026 .0000 .0000 .0000 .0000 .0000
4 3172 .0349 .0003 .0000 .0000 .0000 .0000
6 3568 .1569 .0056 .0000 .0000 .0000 .0000
3 1772 3116 .0441 .0008 .0000 .0000 .0000
10 0433 .3047 .1725 .0123 .0003 .0000 .0000
12 .0054 .1506 .3411 .0974 .0098 .0007 .0000
14 0003 .0356 .3223 .3681 .1485 .0422 .0109
16 0000 .0032 .1142 .5214 .8414 9571 .9890
Power .9943 .8107 .2225 .0131 .0003 .0000 .0000
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Graffelman and Moreno, 2013
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Figure 3 Power of HWP exact tests against minor allele count for different sample sizes (25, 50, 100 and 1000) and degree of
disequilibrium (1, 2, 4, 8 and 16). Standard two-sided (red), doubled one-sided (blue) and mid p-values (green).

6 in this plot is 2.
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Multiple Testing

When multiple tests are performed, each at significance level ¢,
a proportion o of the tests are expected to cause rejection even
if all the hypotheses are true.

Bonferroni correction makes the overall (experimentwise) signif-
icance level equal to o by adjusting the level for each individual
test to /. If o is the probability that at least one of the L tests
causes rejection, it is also 1 minus the probability that none of
the tests causes rejection:

a = 1—(1-a)t

~ Lo

provided the L tests are independent.

If L. =15, need o/ = 0.0033 in order for a = 0.05.
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Combining p-values

There is also the issue that if the same hypothesis is tested L
times and just fails to cause rejection each time, there is some
overall evidence against the hypothesis.

Suppose that tests have been conducted for each of L hypotheses
H;,» =1,2,...,L. For each test the p-value p; is calculated: if
H; is true, this is the probability of observing a test statistic
as extreme as or more extreme than the observed value in the
direction of rejection.

Methods for combining p-values rest on p having a uniform dis-
tribution when the hypothesis is true.
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QQ-Plots

A convenient approach to considering multiple-testing issues is
to use QQ-plots. If all the hypotheses being tested are true then
the resulting p-values are uniformly distributed between O and 1.

For a set of n tests, we would expect to see p values at 1/(n +
1),2/(n+1),...,n/(n+1). We plot the observed p-values against
these expected values: the smallest against 1/(n 4+ 1) and the
largest against n/(n + 1). It is more convenient to transform to
—log1g(p) to accentuate the extremely small p values. The point
at which the observed values start departing from the expected
values is an indication of “significant” values in a way that takes
into account the number of tests.
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QQ-Plots

HWE Test: No SNP Filtering

12

10

—log10(p):Observed

-log10(p):Expected

The results for 9208 SNPs on human chromosome 1 for the
AMD controls. Bonferroni would suggest rejecting HWE when
p < 0.05/9205 = 5.4 x 107° or —logig(p) > 5.3.
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QQ-Plots

HWE Test: SNPs Filtered on Missingness

-log1 0{p).Cbserved

—log10(p):Expected

The same set of results as on the previous slide except now that
any SNP with any missing data was excluded. Now 7446 SNPs
and Bonferroni would reject if —logq1g(p) > 5.2. All five outliers
had zero counts for the minor allele homozygote and at least 32
heterozygotes in a sample of size 50.
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HWE Testing for X-linked Markers

Usual procedure is to ignore males and test for HWE with male
data only.

If there is HWE, the allele frequencies at X-linked markers are
the same in males and females.

Different allele frequencies for males and females suggest a de-
parture from HWE.
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HWE Testing for X-linked Markers
Sample sizes: n,, males, nf females, n = ny, + nf.
Male allele counts: my,mp.

Female genotype counts: faa, fap, fBB:

Total sample allele counts: ny,npg.

Probability of data, under HWE for females and equal male and
female allele frequencies:

nA!nB!nm!nf!QfAB

PI’(’ITLA, fAB|n7 nAa nm) — I I I I I
ma'mp!'faalfaB'fBB!

An exact test for the joint hypotheses of female HWE and equal
male and female allele frequencies was constructed from this
probability, as described in version 1.5.6 of the HardyWeinberg
package.
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Graffelman and Weir, 2016

Table 2 All possible samples for a set of 20 individuals (10 males
and 10 females) with a total of 6 A alleles

my mg faa fag fag Prob
1 0 10 3 0 7 0.0002
2 0 10 2 2 6 0.0085
3 0 10 1 4 5 0.0340
4 0 10 0 b 4 0.0226
5 1 9 2 1 7 0.0121
6 1 9 1 3 6 0.1132
7 1 9 0 5 5 0.1358
8 2 8 2 0 8 0.0034
9 2 8 1 2 7 0.1091
10 2 8 0 4 6 0.2546
11 3 7 1 1 8 0.0364
12 3 7 0 3 7 0.1940
13 il 6 1 0 9 0.0035
14 il 6 0 2 8 0.0637
15 5 5 0 1 9 0.0085
16 ] 4 0 0 10 0.0004
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KING-robust Kinship Estimates

The influence of all members of a sample is eliminated by the
KIN G-robust™ estimates for pairs of individuals:

3t N(AB)j+ N(AB)

where the N's are the numbers of loci with the indicated
genotypes for individuals j and individual pairs j,5’. The
expected values of these estimates are

1—3(F;+ Fy)
These estimates for a pair of individuals are relative to the
average inbreeding coefficients of those individuals.

AK .

[* Manichaikul et al., Bioinformatics 26:2867-2873, 2010.]
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Graffelman and Weir, 2016
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Scatter plots of P-values in original and -1og10 scale for exact test for HWE
using females only and using both males and females for 4158 SNPs at the X
chromosome of the venous thrombosis database. The horizontal and vertical
black lines correspond to a significance level of 5%. Points colored according
to their significance level in Fisher's test for equality of allele frequencies
(range 0-1 from red to green).
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Linkage Disequilibrium

This term reserved for association between pairs of alleles — one
at each of two loci.

When gametic data are available, could refer to gametic disequi-
librium.

When genotypic data are available, but gametes can be inferred,
can make inferences about gametic and non-gametic pairs of

alleles.

When genotypic data are available, but gametes cannot be in-
ferred, can work with composite measures of disequilibrium.
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Linkage Disequilibrium

For alleles A and B are two loci, the usual measure of linkage
disequilibrium is

Dap = Pap —papPB

Whether or not this is zero does not provide a direct state-
ment about linkage between the two loci. For example, consider
marker YFM and disease DTD:

A N | Total
+ 11 24 25
YFM
— |10 75 75
Total 1 99| 100
1 1 25

D = — = 0.0075, (maximum possible value
A+ 100 100100 ( P )
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Gametic Linkage Disequilibrium

For loci A, B define indicator variables z,y that take the value
1 for allele A, B and O for any other alleles. If gametes within
individuals are indexed by 3, 3 = 1,2 then for expectations over
samples from the same population

E(xzj) =pa, J=1,2
E(x%) =pa, j=1,2
E(x172) = Pya
E(z1y1) = PaB

Y

Y

Y

Y

E(yj) =pp j=1,2
EWF)=pp j=1,2
E(y1y2) = Ppp
E(xzoy2) = PaRB

The variances of z;,y; are pa(1 —pa),pp(1l —pp) for j = 1,2 and
the covariance and correlation coefficients for x and y are

Cov(z1,y1) = Cov(zo,yo)
Corr(zy,y1) = Corr(zo,y2)

Piap —papB = Dap
Dag/\Ipa(l —p)pB(L —pB)] = paB
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Estimation of LD

With random sampling of gametes, gamete counts have a multi-
nomial distribution:

n!(Pap)"AB(Pap)" A0 (Pyp)"aB (FPyp)"ab
NAB'M Ap' M B b

PI’(TLAB, N A, Na B> nab)

nl(papp + Dap)"AB(papy — Dap)"Ab

NAB'MAb' M B Map!
X (papB — DAB)"*B(papy + Dap)"e

and this provides the maximum likelihood estimates of D45 and
PAB-

A _ MAB _TAB T TAb  MABT MaB _ Pip — Pabn

n n n
DB
\/ ﬁAﬁaﬁBﬁb
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Testing LD

Write MLE of Dyp as

NABMab — NAYaB
(naB + nap)(Nep + ngp) (map + 1eB) (M ap + 1gp)
and use “Delta method” to find

_ 1
Var(Dap) =~ E[pA(l —pa)pe(l —pp)
+ (1 —2pa)(1 = 2pg)Dap — DA 5]
When Dyp =0, Var(Dap) = pa(1l —pa)pg(l —pp)/n.

Dyp

If Dyp is assumed to be normally distributed then

D2
X2 — AB = np — nr

is appropriate for testing Hg : Dap = 0. When Hg is true,
X245 ~ X%1)' Note the analogy to the test statistic for Hardy-

Weinberg equilibrium: X2 = nf2.
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Goodness-of-fit Test

The test statistic for the 2 x 2 table

NAB NMAp | MA
NaB  Nab | Na
np nb n

has the value
2 — nnane —naynap)?
N ANagN BN}
For DTD/YFM example, X2 = 3.03. This is not statistically
significant, even though disequilibrium was maximal.
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Composite Disequilibrium

When genotypes are scored, it is often not possible to distinguish
between the two double heterozygotes AB/ab and Ab/aB, so that
gametic frequencies cannot be inferred.

Under the assumption of random mating, in which genotypic fre-
quencies are assumed to be the products of gametic frequencies,
it is possible to estimate gametic frequencies with the EM algo-
rithm. To avoid making the random-mating assumption, how-
ever, it is possible to work with a set of composite disequilibrium
coefficients.
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Composite Disequilibrium

Although the separate digenic frequencies p4p (one gamete) and
PA.B (two gametes) cannot be observed, their sum can be since

1 1 1
AB AB AB AB
Pip +§PAb +§PaB +§Pab

PAB =
AB , Y _oap , YoaB , 1 4p
paB = Pip +§PAb +§PaB +§Pa,B
PAB_l_PAb
pap+pap = 2PAg + Py + P + 0P

Digenic disequilibrium is measured with a composite measure
A 4p defined as

PAB T PA.B — 2DAPB
Dyp+Dap

which is the sum of the gametic (D = pap—pAapp) and nonga-
metic (D4 g = pa B — papp) coefficients.

App
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Composite Disequilibrium

If the counts of the nine genotypic classes are

BB Bb bb
AA| n1 no n3

Aa | ng ng ng
aa | n7 ng ng

the count for pairs of alleles in an individual being A and B,
whether received from the same or different parents, is

1
nAp = 2n1+mno+mng+ >™5
and the MLE for A is

_ 1 -
Aprp = gnAB—QPAPB
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Composite Linkage Disequilibrium

For loci A, B define indicator variables z,y that take the value
1 for allele A, B and O for any other alleles. If gametes within
individuals are indexed by 3, 3 = 1,2 then for expectations over
samples from the same population

E(xj) =pa, 3=1,2
E(x%) =pa, j=1,2
E(x172) = Pya
E(z1y1) = PaB
E(r1y2) = PaB
Write

E(yj) =pp j=1,2
E(yj) =pp j=1,2
E(y1y2) = Ppp
E(xoy2) = PaRB
E(r2y1) = PaB

2 _ 2
Dp=Paa—p1 , Dp= Ppp—p5
Dap = PAp —pAPB , DA B = PAB—pAPB

Apap=Dap+DypB
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Composite Linkage Disequilibrium

Now set X = x1 + x>,Y = y1 + yo to get

E(X)=2py , E) =2pp
E(X?) =2(pa+ Pan) , E(Y?) =2(pp+ Ppg)
Var(X) = 2pa(1 —pa)(1 + fa) , Var(Y) =2pp(1l —pp)(1 + fB)

and

E(XY) = 2(Pap—+ PaB)
Cov(X,Y) = 2(Psp—papp) +2(Ps.B —pAPB)
= 2(Dgp+ Dy ) =245
Corr(X,Y) = 2 AB

Vpal —p)(A+ fpp( - pp)(1 + fp)
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Composite Linkage Disequilibrium

—~

A p = npp/n—2pAPRB

where

1
NAB = 2NAABB Tt N"aaABy + NAuBB T 5T AaBb

This does not require phased data.

By analogy to the gametic linkage disequilibrium result, a test
statistic for A4 =0 is

nA? g
pa(l —pa)(1+ fa)P(1 —pp)(1 + fB)

This is assumed to be approximately Xa) under the null hypoth-
esis.

>
Xip =
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Example

For the data on slide 74:

BB Bb bb Total

AA  npgaBB =5 mnaaBy =3 ngaw =2 nga =10

Aa mAeBB =3 mNABb =2 Nawb =0 nge=2>5

aa NgaBB =0 Ngapp =0 Ngapp =0 1ga =0
Total TLBB:8 an:5 nbb:2 n—=15

1
nap = 2x5+3+3+(2) =17
25, py =5/6
21, pp=7/10

nA
np
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Example

The estimated composite disequilibrium coefficient is

A 17 2521 1
Ag = ———2222" — -~ = _0.033
15 3030 30

Previous work on EM algorithm estimated p4p as 16/30 so

A 16 2521 1
- = __— = -0.050
30 3030 20

Dap =
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LD vs Composite LD Estimates

0.10
0.05 -
a
< 0.00

<

.05 4

20.10 \ \ \ \
0.10 0.05 0.00 0.05 0.10

D

Figure8: Linkage disequilibrium estimates

A comparison of gametic LD estimates from the EM algorithm
assuming HWE vs composite LD with no HWE assumption.
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Reality Check: HWE for AMD Data

SNP AA AB BB
rs10492941
Case 0 17 79
Control 1 5 44
rs380390
Case 50 35 11
Control 6 25 19

113



HWE for AMD Data

f: 1 — 15AB
2D APB

rs10492941 Control n =
na = (2nga +nap)/(2n)
ng = (2ngp +nap)/(2n)
f=1—-(2nnap)/(nanp) =
X2 =nf2=

rs380390 Conrol n =
na = (2nga +nap)/(2n)
ng = (2npp +nap)/(2n)
f=1-(2nnap)/(nang) =
X2 =nf2=
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POPULATION STRUCTURE
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Population Data

Individuals from several populations are scored at a series of
marker loci. At each locus, an individual has two alleles, one
from each parent, and these can be identified. For example, at
locus D351358:

Allele AFC NSC QLC SAC TAC VIA WAB
11 .000 .001 .002 .001 .000 .000 .000
12 .004 .003 .001 .001 .000 .000 .010
13 .008 .003 .002 .002 .000 .000 .001
14 123 .098 .159 125 152 .008 .075
15 261 .264 365 2652 244 385 .353
16 250 270 .260 .265 241 277 .242
17 187 198 123 .202 .197 246 .190
18 154 152 .091 .144 157 .Or7r .122
19 .012 .011 .006 .007 .010 .008 .007
20 .002 .000 .000 .000 .000 .000 .000
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Questions of Interest

e How much genetic variation is there? (animal conservation)

e How much migration (gene flow) is there between popula-
tions? (molecular ecology)

e How does the genetic structure of populations affect tests for
linkage between genetic markers and human disease genes?
(human genetics)

e How should the evidence of matching marker profiles be
quantified? (forensic science)

e \What is the evolutionary history of the populations sampled?
(evolutionary genetics)
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Statistical Analysis
Possible to approach these data from purely statistical viewpoint.
Could test for differences in allele frequencies among populations.
Could use various multivariate techniques to cluster populations.

These analyses may not answer the biological questions.
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T he Genetic Problem

e How do we describe the genetic similarity between popula-
tions or between individuals?

e Do our methods need changing now that we have detailed
sequence data?

e \What do we do with estimated genetic similarities?
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Identity by descent

We describe relatedness and population structure with the con-
cept of identity by descent (ibd): two alleles at a locus are ibd

if they have both descended from the same allele at some time
in the past.

We write 0 for the probability of two alleles being ibd.
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Half siblings

For example, for half siblings X,Y with a common parent V:

V(e,f)

d b C

X(a,b) Y(c,d)

The alleles b, c received by X,Y have a 50% chance of both being
a copy of an allele, e or f, carried by parent V and so being ibd.
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Coancestry of Half sibs

T he coancestry coefficient of two individuals is the probability a
random allele from one is ibd to a random allele from the other.

A random allele from X is a or b, each with probability of 0.5,
and random allele from Y is ¢ or d, each with probability of 0.5.
Only one pair, b,c can be ibd and that event also has probability
0.5. Setting these out in a 2 x 2 table:

Y
0.5 0.5
Pr(ibd) ¢ d
X 0.b a 0 0
0.5 b 0.5 O

The coancestry of X, Y is xy = 0.5 x 0.5 x 0.5 =0.125.
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Actual vs Predicted Coancestry

For any particular gene, the two alleles received by half siblings
from their common parent either are, or are not, ibd. The “ac-
tual” kinship @ is either 1 or 0, even though the predicted value is
0 — 0.5. This plot shows the actual kinship coefficients, averaged
over 10,000 loci:

Half sibling kinship

J \

[ T T T 1
0.46 0.48 0.50 0.52 0.54
Theta

Frequency
400 600 800

200
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Path Counting

The inbreeding coefficient F of an individual is the probability
that its two alleles are ibd: i.e. that an allele chosen randomly
from one parent is ibd to an allele chosen randomly from the
other parent.

If the parents X,Y of an individual I have ancestor A in common,
and if there are n individuals (including X,Y, I) in the path linking
the parents through A, then the inbreeding coefficient of I, or
the coancestry of X and Y, is

Fr=0xy = (%)n (14 Fa)

If there are several ancestors, this expression is summed over all
the ancestors.
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First cousins

\/l><l\/
\/ \/

The common ancestors of cousins X and Y are C and D. The
paths linking X,Y to their common ancestors are XJCKY and
XJDKY and these each have n = 5 individuals. Therefore

o = () ()=

Actual Kinships will vary around this expected value.
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“Relative toO”

“There is no absolute measure of ibd: ibd is always relative to
some reference population.” [Thompson, Genetics, 2013.]

Imagine a large group of first cousins, who pair randomly and
have children. Are the children inbred?

Within that group, the parents are not related and because they
pair randomly the children are not inbred.

From the perspective of an observer from outside the group,
however, the parents are related with kinships of § = 1/16 and
their children are inbred with FF = 1/16. These values are relative
to those in the rest of the population.
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Population Structure

The coancestry coefficient for two individuals is the probability
that two alleles, one taken randomly from each individual, are
ibd.

We can extend this idea to the coancestry for a population: the
probability that two alleles taken randomly from the population
are ibd. If the population is in Hardy-Weinberg equilibrium, we
can draw alleles randomly without regard to which individuals in
which they are carried.

A further extension is when two alleles are drawn randomly, one
from one population and one from another population.
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Several Populations

Population 1 Population r

\ /S A/
b %

e

0's are statements about pairs of alleles: the probabilities the
pairs are identical by descent.

oW is the average of the within-population coancestries 0°.

95 is the average of the population-pair coancestries 6“'/,7; =~ 7.
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Population Structure

The usual measure of genetic population structure is written as
Fqor. We can define this quantity for a set of populations as
QW . QB
F —
ST 1 _ QB

and we might prefer to write it as 8" to avoid confusion with
the usual definitions that refer to allele frequencies.

We also have such a quantity for each population:
6' — 65
108

gt =
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Genetic Drift

If a population has a constant size N diploid individuals, and there
are no evolutionary forces such as mutation or migration, then
with completely random mating two alleles in a generation have
a probability 1 /2N of coming from the same allele in the previous
generation and so are ibd. With probability (1—1/2N) they come
from different alleles in the previous generation and are ibd with

probability equal to the coancestry in that generation:
1

o(t+1) = §+(1—ﬁ)e(t)

If the founding population has coancestry 6(0), then t genera-
tions later

2N — 1)’5
2N

o5 = 1-[1-6(0)] (
and this tends to 1 as t becomes large.
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Genetic Drift and Mutation

If the loss of genetic variation is opposed by mutation introducing
variation, then 6 has a value between 0 and 1. If every mutation
gives a new allelic type (“infinite alleles mutation”) then the
transition equation is changed to
_ o[ 1 1
ot+1) = (1-w? |+ (15 )0
and the equilibrium coancestry is
1
1+4Nu
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Genetic Drift, Mutation and Migration

Now suppose there are two populations, each undergoing drift
and mutation but with migration between them. If a fraction m;
of the alleles forming a generation in population : come from the
other population in the previous generation, then

0't+1) = (1—p)?[(1—m1)?d"(t) +2m1(1 — m1)0"2(t) + mi¢p*(t)]
0°(t+1) = (1—p)°[(1—m2)?¢°(t) +2ma(l — m2)0"2(t) + m3¢" (t)]
Pt +1) = (1—p)?[(1—mi)mae'(t) + [(1 —m1)(1 — m2) + mim2]6*? ()

+m1(1 — m2)¢ (t)]

where ¢'(t) = 1/(2N;) + (2N; — 1)60'(t) /(2N;), i = 1, 2.

A consequence of these equations is that 61(¢) +62(t) > 2612(p),
or that 8" > 0P and so gV = Fqr is positive. However, it is not
necessary that each of 01, 62 exceeds 612.
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Drift Only

mu=0; m1=m2=0

g <
° _(l)— 20|00 | 60|00 | 10(|)00
Generation
Drift Only
B1,082 >0

Theta

mu=0.001; m1=m2=0

. _
2 -

. N=100

_ N=10000
o |
o T T T T T T

0 2000 6000 10000
Generation

Drift and Mutation

51,082 >0

Theta

0.8

0.0

mu=.001; m1=0.001,m2=0

T T

T T
0 2000 10000

T
6000

Generation

Drift, Mutation
and Migration
B1>0,6<0

133



Allele Frequencies

If a sample of n; alleles from population ¢ has n;, copies of allele
u, sample allele frequencies are p;,, = n;,/n; and

ng, ~ Binomial(n;,piy,)

The binomial distribution describes variation among replicate
samples from the same population. “Statistical sampling.”

A wide class of evolutionary models leads to the beta distribution
describing variation of actual allele frequencies in a population
among replicates of the evolutionary process from a founding
population:

(1 —0;)pu (1 —0;)(1 —pu)>

p;., ~ Beta
Piu ( 973 975

“Genetic sampling.”
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Several Populations

Population 1 Population r
P1 pr
ﬁl ﬁr
p
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Total Mean and Variance

Taking expectations over replicate samples from a population
and over replicates of the population:

E(D;) p

Var(p;) = p(1—p) (9@- 410 9i>

Uz
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Allelic Matching

The 0's refer to identity by descent (ibd), whereas what we see
is identity in state (ibs).

We work with the proportions M of pairs of alleles, within or be-
tween individuals, or within or between populations, that match
(i.e. are ibs).

We have a genetic model that says the expected value of an M
is 0+ (1 —0)H where 0 refers to the same set of alleles as does
M and H is the sum of squares of allele frequencies in the whole
population from which the observations are drawn.
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Matching Proportions for Individuals

' wo distinct alleles from individual 5 in population 2
. 1 . . ~ .
Mi=3y, X!, (Xi, —1), &) = H+ (1 - H)F]

Average over individuals in population 2
Ny, = niz_z;.‘;l M, E(Miy) = H 4 (1 — H)Fjy

One aIIeIe from each of individuals j, 3’ in population Al

Ju* 5w’

Average over pairs of individuals in population 2
My = _1)2 ,_ ’],#]MZ 7 <‘Z(]\4}9)_H+(1—H)9Z

n; (nz
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Matching Proportions for Populations
Two distinct alleles from population 2
M= 5oy (2555, M+ 4500 S0 e M)
£ = H + (1 — 1) (25 b 2

or Mzzgszlil uﬁizu_wl_la E(MY)=H+4+ (1 —H)¢"

Average over populations
MW =Ly Nt E(MW =H+ (1- H)oW

One allele from each of populations 3,7’
M =S, Biubiy, EQNTY = H 4+ (1 — H)HH

Average over pairs of populations
NP = Sy Sy oy MO E(NB) = H + (1 — H)6P

7“(7“ 1)

139



Matching Proportions for Individuals

For individuals ¢« with genotypes AA, AB, BB the allelic matching
proportions M; are 1,0, 1 respectively.

For pairs of individuals 4,4, each with genotypes AA, AB, BB, the
matching proportions M, are

M, AA AB BB
AA 1 05 0
i AB 0.5 0.5 0.5
BB 0 05 1
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Notation

For SNPs:

Averages:

(X:—1)°

1 i i
5[1 + (X; — 1)(X — 1)]

SY Y 4

nin; - J 1j'=1,j'%j]

1 ;
;29

SIS

1=14¢=1,1'%#i

r(r —1)
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Estimates for Individuals

Two distinct alleles from individual 5 in population ¢
i MZ 4R £( Z) i 2 —0,
/8] - 1 Mz ’ /8 /8] 1 02

Average over individuals in population 2

. My, — Mt : : F,—0}
B —_ — — W B
5%/[/_ 1 MZ ’ 5(5W) }S_ﬁ%/[/_ 1_93'9

One allele from each of |nd|V|duaIs 7, ] in population 2
i M;J MZ i i 0 _02
/8]]/ 1 Mz g(/B /) /8 - 1 02

Average over pairs of individuals in population 2
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Estimates for Populations

Two distinct alleles from population 2

% _ M'—MP AN\ — i 01—0B
B = 7B E(B) =p"= 1 g8

Average over populations

—~ W __ 1B —~
W =M= e(BY) = Fsp =" =

QW_QB
1—-6B

One allele from each of populations i,/

-/ -
A’l:’l:/ . MZZ _MB A’l:’l:/ . ’L’L/ . 0
Y =T €(B") =6" = T8

il 6B

Average over populations
aB _ MB_nbB ABY — aB _
B =M=, E(BP)=pP =0
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Multiple Loci

The unweighted estimators for locus [ are of the form
MZ* — MB
Estimator, = —b——L = =4, W,ij
Here x can refer to population z, the average W over populations,
or the pair of populations 7,5. With several loci, these can be

extended to

Zl(Mlx - MZB)
>(1 — M)
and these estimate (6% —605)/(1 —65) if each locus has the same
value of the 0's. Otherwise they estimate a weighted average

of the different 6 values, where the weights are functions of the
allele frequencies at the loci in the sum.

r=1i,ij, W

Estimator =
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Effect of Number of Loci
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Weir and Cockerham 1984 Estimator

The WC84 estimate assumed all 8° were the same and all 6% were

zero. If those assumptions are relaxed, the WC84 estimator has
expectation

QW* _QB* +Q

E(dwc) = =65 1 Q

where

) ../
oW — i ngez oBx _ Zi;éi’ ninileu

c ! .
Zi ni ZZ#Z/ nzni/
e n? _ 1 .
n, — ng; — sy MNe — 1 Z n;
> M r—4-

1 n; )
— L _1)6,
¢ (r —1)nc z@: (’r_z ’
If the WC84 model holds (8" = 6), or if n; = n, or if n. is large,
then Q = 0 and £00w ) = (6 —0B)/(1 — 6P).
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HapMap III SNP Data

Sample
Code Population Description Size
ASW African ancestry in Southwest USA 142
CEU Utah residents with Northern and Western 324
European ancestry from CEPH collection
CHB Han Chinese in Beijing, China 160
CHD Chinese in Metropolitan Denver, Colorado 140
GIH Gujarati Indians in Houston, Texas 166
JPT Japanese in Tokyo, Japan 168
LWK Luhya in Webuye, Kenya 166
MXL Mexican ancestry in Los Angeles, California 142
MKK Maasai in Kinyawa, Kenya 342
TSI  Toscani in Italia 154
YRI  Yoruba in Ibadan, Nigeria 326
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Weighted vs Unweighted Estimators 3,

All 87592 42463 Filtered
o o
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0.00 0.15 0.00 0.15
Unweighted Fst Unweighted Fst

Chr 1 SNPs. Weighted: WC84; Unweighted: New [ estimates.
Right hand plot ignores SNPs with less than 5 observed copies
in a population.
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Multiple Populations: Detecting Selection
B in LCT Region: i =1,2,3.

HapMap Ill Chromosome 2

0.7
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0.6
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|
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0.2

0.1

0.0
|

100 120 140 160 180

These plots are for Bi’s, averaged over several SNPs. Little signal
in the average By .
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A in LCT Region: i =1,2,...11.

HapMap Il Chromosome 2
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MKK Population

“The Maasai are a pastoral people in Kenya and Tanzania, whose
traditional diet of milk, ---is rich in lactose --- . In spite of this,
they have low levels of blood cholesterol, and seldom suffer from
gallstones or cardiac diseases.

Analysis of HapMap 3 data using Fixation Index (Fst) identified
genomic regions and single nucleotide polymorphisms (SNPs)
as strong candidates for recent selection for lactase persistence
... from the Maasai population in Kinyawa, Kenya (MKK). The
strongest signal identified by all three metrics was a 1.7 Mb re-
gion on Chr2g21. This region contains the gene LCT (Lactase)
involved in lactase persistence.”

[Wagh et al., PL0oS One 7: e44751, 2012.]

151



Two Populations: £y as Geogdraphic Distance

Savanna Forest
[Ty [Ty
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Distance Distance

[Wasser et al., Science 349:84—87, 2015.]
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Two Populations: General

For loci, such as SNPs, with two alleles, the 3 estimates for two
populations can be written as

gl = (p1 —p2)(2p1 — 1)
p1(1 —p2) +p2(1 — p1)
2 = (P2 —p1)(2p2 — 1)
p1(1 —p2) + po(1 —p1)
B = (P1 — P2)?

p1(1 —p2) +po(1 —p1)
Each estimate reflects difference of the two sample allele fre-
quencies. Either 81 or 32 can be negative, but By is positive.

The two populations could be cases and controls for a disease.
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Two Populations: Case-Control Test

A 2 x 2 contingency table statistic for marker allele counts in
cases and controls can be used as an allelic case-control test
statistic for marker-trait association. This quantity is

nina(p1 — P2)?
(n1 4+ n2)?p(1 — p)
where p = (n1p1 + nopo)/(n1 + no).

X2
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AMD Data
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Private Alleles

Now suppose the reference allele is private to population 1: p; =
e and p; = 0,7 #= 1:

Bl 1-r(l—¢€)<0

Bt = 1,i#1

BW = e€>0
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Human History: model

Africa

_enl”
t2 i

South Asi_a-"'_;f-f”

t1

N1 NO

Used Ng = 10,000; Ny = 9,000;eN1 = 1,800;t1 = 4,600;tr, =
45,000, M = 7 in simulations.
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Human History: data
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Forensic Application

A Kkey issue in forensic genetics is to determine the matching
probability.

The probability an unknown person has a genotype, given that
the suspect has been seen to have that type is

[30 + (1 — 0)pall20 + (1 — 0)p4l
(1+0)(1 4 20)

230+ (1 — 0)pallo + (1 — 0)ppl
(1+0)(1 4 20)

Pr(AA|AA) =

Pr(AB|AB) =

Here 0 refers to the population to which the unknown person
and the suspect belong.
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Effect of Reference Group of Populations

Buckleton et al. (2016) gave population-specific Fgp estimates
for a set of 446 populations, using published data for 24 mi-
crosatellite loci collected for forensic purposes.

For a set of African populations, the average within-population
matching proportion was MW = 0.1884 and the average between-
population-pair averages were MP = 0.1691 within the African
region and MP = 0.1726 for all pairs of populations in the
study. There is a larger Fgp for the set of African popula-
tions (8" = 0.0082) with Africa as a reference set than there is
(BW — 0.0020) with the world as a reference set.

For a set of Inuit populations, the average within-population
matching proportion was MW = 0.4379 whereas the average
between-population-pair matching proportions were MP =0.1726
for pairs within the Inuit group and MB = 0.0090 for all pairs of
populations in the study. There is a smaller Fgr (BW = 0.0205)
with Inuit as a reference set than with the world as a reference
set (B = 0.1057).
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Effect of Reference Group of Populations
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Plots of 3;. For the white box plots, Mg is for all pairs of popu-
lations. For the grey box plots, MB is for all pairs of populations
[Buckleton et al. 2016. Forensic Science Inter-

national:Genetics 23:91-100.]

in that group.
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Worldwide Autosomal-STR Survey

Buckleton et al, Forensic Sci Int, 2016 compiled a survey of 250
published papers showing allele frequencies at 24 forensic STR
markers from 446 populations in 8 ancestral groups. Represents
data from 494 473 individuals.

The ancestral groups were identified by a combination of clus-
tering and geographic criteria.

Moment estimates were obtained for each locus [ in each popu-
lation 2 from

/\1: _
K 1 — Ip
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STR Survey: 5" Values for Groups and Loci

Geographic Region
Locus Africa AusAb Asian Cauc Hisp IndPK NatAm Poly  Aver.

CSF1PO 0.003 0.002 0.008 0.008 0.002 0.007 0.055 0.026 0.011
D151656 0.000 0.000 0.000 0.002 0.003 0.000 0.000 0.000 0.011
D25441 0.000 0.000 0.002 0.003 0.021 0.000 0.000 0.000 0.020
D251338 0.009 0.004 0.011 0.017 0.013 0.003 0.023 0.005 0.031
D351358 0.004 0.010 0.009 0.006 0.012 0.040 0.0v9 0.001 0.025

D55818 0.002 0.013 0.009 0.008 0.014 0.018 0.044 0.007 0.029
D651043 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.016
D75820 0.004 0.021 0.010 0.007 0.007 0.046 0.030 0.005 0.026

D851179 0.003 0.007 0.012 0.006 0.002 0.031 0.020 0.008 0.019
D10S1248 0.000 0.000 0.000 0.002 0.004 0.000 0.000 0.000 0.007
D125391 0.000 0.000 0.000 0.003 0.020 0.000 0.000 0.000 0.010
D13S317 0.015 0.016 0.013 0.008 0.014 0.025 0.050 0.014 0.038
D16S539 0.007 0.002 0.015 0.006 0.009 0.005 0.048 0.004 0.021

D18S51 0.011 0.012 0.014 0.006 0.004 0.010 0.033 0.003 0.018
D19S5433 0.009 0.001 0.009 0.010 0.014 0.000 0.022 0.014 0.023
D21511 0.014 0.012 0.013 0.007 0.006 0.023 0.067 0.018 0.021
D2251045 0.000 0.000 0.007 0.001 0.000 0.000 0.000 0.000 0.015
FGA 0.002 0.009 0.012 0.004 0.007 0.016 0.021 0.006 0.013

PENTAD 0.008 0.000 0.012 0.012 0.002 0.017 0.000 0.000 0.022
PENTAE 0.002 0.000 0.017 0.006 0.003 0.012 0.000 0.000 0.020

SE33 0.000 0.000 0.012 0.001 0.000 0.000 0.000 0.000 0.004
THO1 0.022 0.001 0.022 0.016 0.018 0.014 0.0r1 0.017 0.071
TPOX 0.019 0.087 0.016 0.011 0.007 0.018 0.064 0.031 0.035
VWA 0.009 0.007 0.017r 0.007 0.012 0.022 0.028 0.005 0.023
All Loci 0.006 0.014 0.010 0.007 0.008 0.018 0.043 0.011 0.022
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Relatedness Estimates from Simulated Data

cosfcients dist.
In F2 with 20 founders. S0k SNPs

Change estimates to be relative to average of least related values.

Corrected betalijl

prdigree coancestres pacigrmn cosncmsties

Before (left) and after (right) change.
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Standard Estimates

The quantities éjj/ (e.g. Astle and Balding, 2009, Statistical
Science 24:451-471)

5 (X; —2p)(X; — 2p)

7 4p(1 —p)
are unbiased for ij/ if the reference allele frequencies p are
known.

As the allele frequencies are not known, it is usual to replace
p with p, the sample allele frequency for the set of individuals
being studied. Then, for large sample sizes,

R 0.1 — s — by + 0
8(9]]/) == JJ J J # 9]]/

1—0p
where ¢] = Z]/#] 9]]//(7“ — 1)
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KING-robust Kinship Estimates

The influence of all members of a sample is eliminated by the
KING-robust™ estimates for pairs of individuals:

it N(AB); + N(AB);

where the N's are the numbers of loci with the indicated geno-
types for individuals 5 and individual pairs j,5'. The expected
values of these estimates are

0, — 5(Fj + Fy)

1—3(F;+ Fy)
These estimates for a pair of individuals are relative to the av-
erage inbreeding coefficients of those individuals.

E(03;) =

[* Manichaikul et al., Bioinformatics 26:2867-2873, 2010.]
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Inbreeding Standard Estimates

—~

For inbreeding, the quantities Hjj

- (X;-2p)%)
biit =
4p(1 —p)
are unbiased for 0;; = (1—|—Fj)/2 if the reference allele frequencies
p are known.

As the allele frequencies are not known, it is usual to replace

p with p, the sample allele frequency for the set of individuals

being studied. Then, for large sample sizes,

Ojj —2%; + 0B
1 —-0p

€(§jj) =

where ¢] = Z]/#] 9]]//(7“ — 1)

7 Oy
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Inbreeding Standard Estimates

Then the standard estimator (e.g. Astle and Balding, 20009,
Statistical Science 24:451-471) is formed by averaging over |0Ci
[,Ll=1,2,...L:
~ 1 & (X —2p)?
P = — —1
L= 2p(1 —pp)

Another one (YYang et al, Nature Genetics 42:565-569, 2010) is

L 1 x2 - +2p)X; + 2p?
2= Z; 2pi (1 —py)
_ gi (X —2p)? - (1 —2p)(X —2p)
L= 2p (1 —py)

If the p; are known, both these are unbiased. The second one
has a smaller variance.
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Alternative MOMs for Individual Inbreeding Co-
efficients

The variances can be reduced by an alternative weighting over
lOCi:

- e (X =2p)°
S 2p(1 = pp)

5
|

" S [X2 — (14 2p) X + 2p7]
S 1 2p(1—pp)

IS
[
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Toy Example

Suppose five loci have genotypes

MM, Mm, mm, Mm, M M

The preferred moment estimate F3 is

A (2-2p1)2+ (1 —2p2)? + (2p3)? + (1 — 2ps)? + (2 — 2ps)?

I3 2[p1(1 —p1) 4+ po(1 —po) 4+ p3(1 — p3) + pa(1 — pa) + p5(1 — ps)]

—1

If all five M allele frequencies were 0.5,

_ 1+0+1+0+1

'S = oljati/ati/avijatia T 07
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MLE for Individual Inbreeding Coefficients

To avoid having to choose among MOMSs can set up an MLE
although there is more numerical work needed. An iterative
method makes use of Bayes' theorem. If F' represents the prob-
ability the individual in question has two IBD alleles at a locus,
I.e. Is inbred at that locus,

Pr(A;A;linbred) = p; , Pr(A;A4;|Not inbred) = plz
Pr(Ala,l|inbred) =0 , PI’(Ala,l“\'Ot inbred) = 2pl(1 — pl)
Pr(a;qlinbred) =1 —p; , Pr(aayNot inbred) = (1 — p;)?

From Bayes' theorem then

Pr(A;A;linbred) Pr(inbred F
Pr(inbred|A;4;) = (4 Z|IP ) Prd ) = — Pi
r(AjA;) p; + Fp(1 —pyp)
Pr(Aja;linbred) Pr(inbred
Pr(inbred|A;a;) = Sl )2t ) —0
PI’(AZCLZ)
Pr(a;a;linbred) Pr(inbred) (1 —p)F

Pr(inbred _
( |aja;) Pr(aa) (1 —p)2+ Fp(1 —pp)
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MLE for Individual Inbreeding Coefficients

This suggests an iterative scheme: assign an initial value to
F', and then average the updated values over loci. If G} is the
genotype at locus [, the updated value F’ is

1 L
F' = = Pr(inbred|G))
lel
This value is then substituted into the right hand side and the
process continues until convergence.
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Toy Example

Suppose 5 loci have genotypes

MM, Mm, mm, Mm, M M

Then the updated estimate is
F

If all the p; = 0.5,

, 1/ 2F o2F 2F \  6F
s 5(1—|—F+O+1—|—F+O+1—|—F)_5(1—|—F)

and this converges to F = 0.2.
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Realistic Example

Using 1369 SNPs spread out along chromosome 22, Xiuwen
Zheng found that

Minimum MAF .000
Average of ratios MOM mean and sd .0484 .2851
Ratio of averages MOM mean and sd .0272 .0874
MLE mean and sd .0381 .0b576

Minimum MAF .050
Average of ratios MOM mean and sd .0359 .1516
Ratio of averages MOM mean and sd .0264 .0860
MLE mean and sd .0380 .0576

Minimum MAF .100
Average of ratios MOM mean and sd .0358 .1585
Ratio of averages MOM mean and sd .0260 .0864
MLE mean and sd .0382 .0577
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Method of Moments for Relatedness Coefficients

PLINK (Purcell, S., Neale, B., Todd-Brown, K., Thomas, L.,
Ferreira, M.A.R,Bender, D., Maller, J., Sklar, P., de Bakker,
P.I.W., Daly, M.J., & Sham, P.C. 2007. PLINK: A tool set for
whole-genome association and population-based linkage analy-
ses. American Journal of Human Genetics 81,559-575.) uses
MOM to estimate three IBD coefficients kg, k1, ko for non-inbred
relatives. Two individuals are scored as being in IBS states 0,1, 2.

State : Genotypes Probability

2 : (MM, MM), (mm,mm), (Mm, Mm) (v, + 403,92 + P2 ko

+ k1(p3; + pupm + py) + k2

1: (MM7 Mm)7 (Mm7 MM)7 (mm7 Mm)7 (Mm7 mm) 4pMpm(p%4 +p72n)k0 + 2pMpmk'1

O: (MM, mm),(mm, MM) 2p3,p2ko
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MOM Approach: kg

Count the number of loci in IBS state ¢;2 = 0,1,2. These num-
bers are Ng, N1, No. The previous table gives the probabilities of
IBS state ¢ given IBD state 5. From

Pr(IBS =0) = Pr(IBS =0|IBD =0) Pr(IBD = 0)
sum over |loci |l to get
No = Y 2p?(1—p)?Pr(IBD =0)

l
This gives a moment estimate

No
> 2p2 (1 — pp)?

Pr(IBD = 0) =
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MOM Approach: k;

From

Pr(IBS — ]_) — PF(IBS = 1|IBD — O) PF(IBD — O)
+ Pr(IBS = 1]IBD = 1) Pr(IBD = 1)

sum over |loci to get

N1 = Pr(IBD =0)Y 4p(1 —p)lpf + (1 —p)?]
l

+Pr(IBD = 1) Y 2p(1 — py)
z

but we already have an estimate of Pr(IBD = 0). Therefore

N1 — Y 4p(1 —p)p? + (1 — p)?] Pr(IBD = 0)
>12p(1 —pp)

Pr(IBD = 1) =
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MOM Approach: k-

Having estimated kg and k1, find ko as 1 — kg — k1.

Could then estimate 6 as ko/2 + k1/4 or could go to a direct
estimate.
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PLINK Example

Z1

1.0

0.8

0.6

0.4

0.2

0.0

000000

PO
FC
FS
HAv
HS
GpGe
Av
HFC
DFC
Other

Unrelated

0.0

02

04

Z0

0.6
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MLE for Relatedness Coefficients

For any SNP there are six distinct pairs of genotypes with prob-
abilities depending on allele frequencies for that SNP and on a
set of three k£ parameters that are assumed to be the same for all
SNPs. If G is the observed pair of genotypes, we know the condi-
tional probabilities Pr(G|D;) where the D; represent the identity

states (with probabilities k;).

G PI’(G) = Zz PI’(G|D@)k‘@
MM, MM kops, + ki1ps; + kopjy

mm,mm  kop2, + ki1p3, + kop?
MM, mm  2kop2,p2,

MM, Mm  2k1p2pm + 4kop3;pm
mm, Mm  2ki1pyp2, + 4kopupl,

Mm, Mm  2kopypm + k1pypm + 4kop,p2,
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MLE for Relatedness Coefficients

An iterative algorithm for estimating the k’s from observed geno-
types G; at SNP [ is based on Bayes’ theorem for the probability
of descent state D;,» = 0,1, 2:

Pr(G,|D;) Pr(D;)
Pr(G))
The procedure begins with initial estimates of the k; = Pr(D;)’s.

Pr(D;|Gy)

The updated estimates are obtained by averaging over L loci:

1 Pr(G;|D,)k; -
Z (Z] Pr(G|Dj)k; > =052

These updated values are then substituted into the right hand
side until they no longer change (or change by less than some
specified small amount).
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Toy Example

Suppose the 5-locus genotypes for U,V are:
MM, Mm, mm, Mm, M M
and

MM, mm, Mm, Mm, Mm

The updating equations are:

1 pTko
ky = = ( L +0+0
5 \ptko + p3k1 + pTko
2 1 — k
n p4(1 — pa)ko i _— O)
2p4(1 — pa)ko + pa(l — pa)k1 + 4p7(1 — pa)<ko
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Toy Example

p3k1 n 2po(1 — po)2ks

1
K = =
! 5 (p%kz + p3k1 +piko  2p2(1 — p2)2ky + 4p2(1 — p2)3ko
n 2p3(1 — p3)2k
2p3(1 — p3)2ky + 4p3(1 — p3)3kg
_|_

pa(l — pa)kq
2pa(1 — pa)ko + pa(l — pa)k1 + 4p3 (1 — ps)2kg
4+ 2pg(1 — ps)k1 )
2pe(1 — ps)ky + 4p2(1 — ps)ko
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Toy Example

pTko n 4po(1 — po)3kg

;o 1
- (zo%kz + p3k1 +pTho  2p2(1 — p2)2k1 + 4p2(1 — p2)3ko
4p3(1 — p3)>ko
2p3(1 — p3)?k1 + 4p3(1 — p3)3kg
4p2(1 — p3)ko

2p4(1 — pa)ko + pa(l — pa)ky + 4p7(1 — pg)2kg

4p3(1 — ps)ko )
2pe(1 — ps)ky + 4p2(1 — ps)ko

_|_
_|_

_|_
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“RELPAIR” calculations

This approach compares the probabilities of two genotypes un-
der alternative hypotheses; Hpy: the individuals have a specified
relationship, versus Hq: the individuals are unrelated. The alter-
native is that kg = 1,k1 = k> = 0 so the likelihood ratios for the
two hypotheses are:

LR(M M, MM)
LR(mm, mm)
LR(Mm, Mm)

ko + k1/pa + ka/pay
ko + k1/pm + ko /p2,
ko 4+ k1/(4pprpm) + ko/(Cpprpm,)

LR(M M, Mm)
LR(mm, Mm)

ko + k1/(2par)
ko + k1/(2pm)

LR(MM,mm) = kg
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Reality Check: Inbreeding and Relatedness

Inbreeding and relatedness estimates most easily expressed as
allele dosages. For individual 7 the number of reference alleles A

is X;: these are 2,1,0 for AA, AB, BB.

The allelic matching proportions are:

M, = (X;—1)°

- 1
M, = 5[1 + (X; —1)(Xy —1)]
MB —
r(r —1) Z; z,z_:
1714
The estimates and their expectations are
. M;— Mg F;, —0p
Bi=—"—=—, EB) =———
1—Mp 1 —-0p
_ M., — Mg _ 0.0 — 0
il = , EByy) =
1 — Mp 1—-0p
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Example

What are the inbreeding and kinship estimates for individuals

P, Q:

SNP1 SNP2 SNP3 SNP4 SNP5 SNP6 SNP7 SNP8 SNP9 SNP10
P AA AA AA AB AB AB BB BB BB BB
Q AB AB AA AB AB AB AB BB BB BB

5
|
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Reality Check: Population Structure

First need to calculate allelic matching proportions within popu-
lations 2. We start here from published reference allele frequen-

cies p;:
=D -2 1 &
M; = p; + (1 — p;) ,MW=;ZM1'
i=1

Then we need the allelic matching proportions between pairs of
populations i and 4':

_ o _ _ _ 1 T T _
My = pipy + (L —p)(L —py) , Mp = SN Mg
r(r—1) = .=,
171/
The population-specific Fgr estimates are
. M; — Mg _ My, — Mg
P = : = F — _
57, 1 — MB 5W ST 1 _ MB
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HapMap Data

ASW CEU CHB CHD GIH JPT LWK MXL MKK TSI = YRI
SNP1 0.48 0.84 0.90 0.91 0.81 0.86 0.51 0.82 0.53 0.85 0.40
SNP2 0.07 0.09 0.47 0.44 0.28 0.41 0.19 0.04 0.14 0.11 0.05

Calculate population-specific Fgpr for CEU, CHB and YRI, using
each of SNP1 and SNP2.

SNP1 SNP2 Both

McEeu
MchHp
MyRr
Mceu,cHB
Mceu,vRI
McHB,YRI
Mg

Bcey
BcHB
BYRI

st
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ASSOCIATION MAPPING
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Association Mapping

Association methods use random samples from a population and
are alternatives to methods based on pedigrees or crosses be-
tween inbred lines. The associations depend on linkage disequi-
librium between marker and trait loci instead of depending on
linkage between those loci as in pedigree or line cross methods.

A quantitative trait locus T contributes to a trait of interest.
The QTL genotype cannot be observed but maybe it can be
inferred, and the location of the QTL be estimated, from ob-

servations on the trait and the genotype at a genetic marker
M.
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Marker-Trait Genotype Frequencies

Each marker genotypic class Mz-Mj iIs composed of a mixture of
elements from each of the QTL classes, 1;Ts, where the propor-
tion of QTL class T;Ts contained within marker class MZ-M]- IS
PT(TTT3|MZ-M]'). With random mating, genotype frequencies are
products of gamete frequencies. For example

Pr(T Ty, M;M;) = Pr(T;M;)?
Pr(T,Ty|M;M;) Pr(TrM;)?/ Pr(M;)?

and gamete frequencies involve allele frequencies and linkage dis-
equilibria:

Pr(TTMi) = prp; + Dy
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Two-allele Genotypes

T Tt tt

MM  P%r 2Py P Pz,
Mm 2Py P 2PN Pt + 2Py Py 2Pp e Pt

mm PW%T 2P 1Pt P2,
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Two-allele Gametes

T t

M Py = pypr + Dy Pye = pypt — Dy

m PmT = PmpPT — DMT Pmt — PmpPt + DMT

. Dyt
PMT —
V/PMPMPTD
2
2 _ D MT
PMT =

PMPmMmPTPE
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Marker and Trait Variables

Introduce variables X and G for loci M and T. The values of X
will be assigned for the marker whereas the values G represent
the genetic contributions to measured trait variables or to disease
status. In either case, the Hardy-Weinberg assumption provides
the following expressions for the means and variances:

EX)=px = pyXmm + 200PmX pim + P Xmm
E(Q) =pug = p7Grr + 2prpiGrs + PGt
Var(X) = O'iM + O%M
Var(G) = aiT + O%T
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Components of Variance

The “additive” and “‘dominance” components of variance are

03, = 2pmpmpr(Xarn — Xarm) + pm(Xngm — Xmm)]?
04, = 2prpilor(Grr — Gry) + p(Gry — Gir))?

0D, = e (Xnn — 2Xam + Xmm)?

012)T = pgp; (Grr — 2Grt + Gy)?

and these lead to the following expression for the covariance of
X and G:

2
COV(G7 X) — pMTUATUAM + pMTUDTUDM
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Correlation of Trait and Marker Variables

2
COV(G7 X) — pMTUATUAM _I_ pMTUDTUDM

If either X or G are purely additive, then their covariance is

COV(GaX) — pMTUATUAM

If both X and G are purely additive, then their correlation is

PGX — PMT

If either X or G are purely non-additive, then their covariance is

Cov(G,X) = p%WTO'DTO'DM

If both X and G are purely non-additive, then their correlation is

_ 2
PGX — PMT
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Measured Traits

Suppose Y = G+ E where G is the genetic effect of locus T
and E are all other effects. These other effects are supposed to
have mean zero and to be independent of both G and the marker
variable X. Then

E(Y) = &(G)
Cov(X,Y) = Cov(X,G)
Var(Y) = o4, +op . + Vg

Trait values Y may be regressed on marker variables X. The
regression coefficient is

g = SOVXY) _ puroayoay + PRroyony
YX — T
Var(X) 0-124M +0-12)M
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Marker Variable

Variable X may be chosen to be additive, e.d Xy = 2, Xy =
1, Xmm = 0 so that 03 = 2pypm, 0, =0, and then

TA

Byx = purT—"

O'AM
‘The marker variable can also be made to have a zero additive
variance, €.9. Xyy = pm, Xpm = 0, Xmm = pyy SO that 03 =

2 —,2 .2

O'DT
O'DM
A significant regression coefficient implies a significant linkage
disequilibrium measure p,; between marker and disease loci.
The signal is expected to be stronger with an additive marker as

pymT > pap and it is usual that UiT > UIQ?T'

2
Byx = pPyuT
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Analysis of Variance

Instead of regressing trait on marker, the trait means could be
compared among marker classes. The expected trait means fol-
low as

E(Y|M;M;) = ) GrsPr(T;Ts|M;Mj)

r,S

— ZG’PS Pr(TrMi,Tij)/ Pr(MiMj)

r,S

in general.

For a trait locus with only two alleles, T, t, for marker homozygote
M M:

EY|IMM) = (GprPir + 2GriPyr P + GuPir) /pay
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Trait Means in Marker Classes

This last expression can be manipulated to show the effects of
linkage disequilibrium.

Trait means among the three marker genotype classes:

EYIMM) = pg+ 2pnrA/pm + p3rD/p3y
EYIMm) = pg+ pprAQ/py — 1/pm) — 037D/ (prrpm)
E(Y|mm) = pug— 2p0m1A/Pm + oD/ P2,

where A = OAT\/(pMpm),D = op,(Pvpm), SO that an analysis of
variance will also test that pj;7 = 0 and the test will be affected
by both additive and dominance effects at the trait locus.

201



Dichotomous Traits: Case Only

The case-control approach starts with independent samples of
people who are either affected or not affected with a disease and
compares marker frequencies between the two groups. The MM
marker frequency among Ccases is

1

Pr(MM|Case) = pf+ e [pMPMTA + P%/[TUDTD]
1
Pr(Mm|Case) = 2pppm + e [(pm — prv)PMTA — Qpﬁnp}
> 1 2
Pr(mm|Case) = p;, + ,u— [—pmpMTA -+ PMTD]
G

Note that these three probabilities sum to one.
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Case Allele Frequencies

Combining the genotypic frequencies to give allele frequencies:
PMTO A
Pr(M|Case) = py + L\/2p0pm

2uag
PMTO A

Pr(m|Case) = pm — 20 L.\ /[2prrpm
G

and these two sum to one.

The inbreeding coefficient at the marker locus in the case pop-
ulation follows from

Pr(MM|Case) = Pr(M|Case)2 + fcase Pr(M|Case)[1 — Pr(M|Case)]
or

pur(2uGoD, — 94,,)

fcase
(b 2P0/ Pm ~+ Priro ag) (G 2Pm/ Py — PMTO A7)
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Case-only HWE Testing

The power of this test depends on nf(2:ase which is proportional
to pj\t/[T so the power will decrease quickly as p,,r deceases.
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Dichotomous Traits: Case-Control

An argument similar to that above provides the marker genotype
frequencies among controls:

Pr(MM|Control) = Pﬂ—l p [pripvr A+ p3yrD]
e
1
Pr(Mm|Control) = 2pMpm_1 p [(Pm—pM)PMTA—QPﬂTD]
e
1
Pr(mm|Control) = p72n_1 p [_meMTA+P%4TD]
— UG
pymTA
Pr(M|Control) = py —
2(1 — pa)
pmTA
Pr(m|Control) = p,+
" 2(1 - pe)
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Case-control Test

The simplest case-control test compares marker allele frequen-
cies between the two samples and it is clearly equivalent to test-
ing that pp;7 = 0 since

Pr(M|Case) — Pr(M|Control) o< pprro A/ 20MmPm

The test is not affected by non-additivity at the disease locus.
If the allelic counts for M, m in cases and controls are laid out in
a 2 x 2 table, the contingency-table chi-square test statistic has
1 df. An alternative is to work with the 3 x 2 table of marker
genotype counts in cases and controls and calculate a 2 df chi-
square test statistic. This test is affected by both additivity and
non-additivity at the disease locus but it is sensitive to errors in
genotype calls for rare alleles.
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Allelic Case Control Test

Write the marker genotype counts in random samples of cases
and controls as

Genotype MM Mm mm Total
Case counts 0 1 o R
Control counts  sg S1 S92 S
Total counts no ny no N

The allelic test statistic uses the allele counts

Observed M m Total
Case counts 2ro+r1 2ro+1r1 2R
Control counts 2sg+s1 2sp+s1 25
Total counts 2ng+n1 2no+ny 2N
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Allelic Case Control Test

A contingency table test for independence of marker allele and
disease status compares the observed allelic counts with the
products of the marginal totals divided by the overall total:

Expected M m Total
Case counts 2R(2ng +n1)/2N 2R(2n>+n1)/2N 2R
Control counts 25(2ng +n1)/2N 25(2no>+n1)/2N 28
Total counts 2ng + n1q 2no + nq 2N

T he test statistic is

x5 =Y

2N[N(r1 + 2r3) — R(ny + 2n3)]?
SR[2N(n1 4 2n2) — (n1 + 2n2)?]

(Obs. — Exp.)?
EXp.
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Allelic Case Control Test

Approximating the expectation of ng by the ratio of the expec-
tations of the numerator and denominator:

E(X3) =~ (14 1)

showing an inflation factor of (1 4+ f) when there is inbreeding.
The expected value is 1 when f = 0 and the test statistic has a
chi-square distribution with 1 df.
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AMD Example: Case-control test statistics on
chromosome 1

AMD Case Control Test

-log10(p)

Position (Mb)
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AMD Example: Case-control test statistics QQ
plot

AMD Case Control Test

Observed
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AMD Example: HWE test statistics on chromo-
some 1

Control HWE Test: With SNP Filtering

15

10

-log10(p)

0 50 100 150 200 250

Position
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Trend Test
i=0 i=1 i=2

Marker Genotype MM Mm mm Total
Marker Variable X0 X1q X

Case counts Y=1 nrg 1 70 R
Control counts Y =0 sg S1 S92 S
Total counts no n1 no N

The Armitage trend test is based on a score statistic U':

2
S R
P Z(NTZ NSZ)
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Trend Test for Additivity

Assuming normality for U, the test statistic
2 — U? _ N(NY,;riX; — RY;n; X;)?
Var(U) SR[NY;ni X2 — (3;n;X;)?]
IS distributed as X%1) under the hypothesis Hg : ppy7 = O.

Usual to consider a linear trend test, with Xg =0,X1 =1, X, =
2. so that U%M = 0 and

N[N (ry1 + 2rp) — R(n1 + 2n3)]?
SR[N(n1 4+ 4n3) — (n1 + 2ny)?]
This will provide a test for additive effects at the disease locus.

X7
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Case-control vs Trend Tests

T he allelic case-control test statistic is
> _ 2N[N(r1i+2r) — R(ny + 2n5)]?
A SR[N(2n1 + 4ns) — (n1 + 2n5)?]
and the linear trend test statistic is
N[N(r1 + 2r5) — R(ny + 2n5)]?
SR[N(ny + 4ns) — (n1 + 2n5)?]

X7

In both cases, U%M — 0 and the test is for linkage disequilibrium
popT between trait and marker alleles, and is affected only by
additive trait effects.

Unlike the allelic case-control test, the trend statistic has an
expected value of 1 even when there are departures from Hardy-
Weinberg equilibrium.

215



Trend Test for Non-Additivity

Setting Xg = pm, X1 = 0, Xo = pas gives O-I%M — 0 and a test for
non-additive effects. There is not an obvious simplification of
the equation for the test statistic.
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