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Key concepts

• Mapping QTL by association relies on linkage 
disequilibrium in the population;

• LD can be caused by close linkage between a QTL and 
marker (= good) or by confounding between a marker and 
other effects (= usually bad);

• The power of QTL detection by LD depends on the 
proportion of phenotypic variance explained at a marker;

• Mixed models are good for performing GWAS
• Genetic (co)variance can be estimated from GWAS 

summary statistics
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Outline

• Association vs linkage
• Linkage disequilibrium
• Analysis: single SNP

• GWAS: design, power
• GWAS: analysis
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Linkage Association 

Families Populations
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Linkage disequilibrium around an 
ancestral mutation
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LD

• Non-random association between alleles at 
different loci

• Many possible causes
– mutation
– drift / inbreeding / founder effects
– population stratification
– selection

• Broken down by recombination
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Definition of D

• 2 bi-allelic loci
– Locus 1, alleles A & a, with freq. p and (1-p)
– Locus 2, alleles B & b with freq. q and (1-q)
– Haplotype frequencies pAB, pAb, paB, pab

D = pAB - pq
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r2

r2 = D2 / [pq(1-p)(1-q)]

• Squared correlation between presence and 
absence of the alleles in the population

• ‘Nice’ statistical properties

[Hill and Robertson 1968]
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Properties of r and r2

• Population in ‘equilibrium’
E(r) = 0
E(r2) = var(r) ≈ 1/[1 + 4Nc] + 1/n

N = effective population size
n = sample size (haplotypes)
c = recombination rate

• nr2 ~ c(1)2

• Human population is NOT in equilibrium

[Sved 1971; Weir and Hill 1980]

LD depends on 
population size and 
recombination 
distance
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Analysis

• Single locus association
• GWAS

• Least squares
• ML
• Bayesian methods
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Falconer model for single biallelic QTL

Var (X) = Regression Variance + Residual Variance
= Additive Variance + Dominance Variance
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Statistical power (linear regression)

y = µ + bx + e,  x = 0, 1, 2
sy

2 = sq
2 + se

2 regression + residual
sx

2 = 2p(1-p) p = allele frequency for indicator x
{HWE: note x is usually considered 
fixed in regression}

sq
2 = b2sx

2 = [a + d(1-2p)]2 * 2p(1-p)

q2 = sq
2/ sy

2 {QTL heritability} 13



Statistical Power
c2 test with 1 df:

E(X2) = 1 + n R2 / (1 – R2)

= 1 + nq2/(1-q2)

= 1 + NCP

NCP = non-centrality parameter

Power of association proportional to q2

(Power of linkage proportional to q4) 14



Statistical Power (R)
alpha= 5e-8
threshold= qchisq(1-alpha,1)

q2= 0.005

n= 10000

ncp= n*q2/(1-q2)
power= 1-pchisq(threshold,1,ncp)

threshold

ncp

power

> alpha= 5e-8
> threshold= qchisq(1-alpha,1)
> q2= 0.005
> n= 10000
> ncp= n*q2/(1-q2)
> power= 1-pchisq(threshold,1,ncp)
> threshold
[1] 29.71679
> ncp
[1] 50.25126
> power
[1] 0.9492371
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Power by association with SNP

(small effect; HWE)

NCP(SNP) = n r2 q2

= r2 * NCP(causal variant)
= n * {r2 q2} = n * (variance explained by SNP)

Power of LD mapping depends on the 
experimental sample size, variance explained by 
the causal variant and LD with a genotyped SNP 16



GWAS
• Same principle as single locus association, 

but additional information
– QC

• Duplications, sample swaps, contamination
– Power of multi-locus data

• Unbiased genome-wide association
• Relatedness
• Population structure
• Ancestry
• More powerful statistical analyses
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The multiple testing burden
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Population stratification
(association unlinked genes)

 Allele frequency Haplotype frequency 
 pA1 pB1 pA1B1 pA1B2 pA2B1 pA2B2 
Pop. 1 0.9 0.9 0.81 0.09 0.09 0.01 
Pop. 2 0.1 0.1 0.01 0.09 0.09 0.81 
Average 0.5 0.5 0.41 0.09 0.09 0.41 
 

Both populations are in linkage equilibrium; genes unlinked

Combined population: D = 0.16 and r2 = 0.41 
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Population stratification 
(genes and phenotypes)

[Hamer & Sirota 2010 Mol Psych]
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Population stratification 
(genes and phenotypes)

[Hamer & Sirota 2010 Mol Psych]
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Population stratification 
(genes and phenotypes)

[Vilhjalmsson & Nordborg 2013 Nature Reviews Genetics ]
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Stratification

y = Sgi + Sei

r(y,gi) due to
• causal association with gi

• correlation gi and gj and causal association with gj
(LTC and height)

• correlation gi and environmental factor ej
(chopsticks)
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How to deal with structure?

• Detect and discard ‘outliers’
• Detect, analysis and adjustment

– E.g. genomic control
• Account for structure during analysis

– Fit a few principal components as covariates
– Fit GRM
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GWAS using mixed linear models

y = Xb + bx + g + e

var(g) = Gsg
2

G = genetic relationship matrix (GRM)
Model conditions on effects of all other variants

Power depends on whether x is included (MLMi) or 
excluded (MLMe) from the construction of G.

[Yang et al. 2014 Nature Genetics]
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GWAS using mixed linear models: 
statistical power

[Yang et al. 2014 Nature Genetics]
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r2 here is the squared 
correlation between g-hat 
and g



How does LD shape association
A set of markers along a chromosome region:

Superimpose LD between markers

Consider causal SNPs

All markers correlated with a causal variant show 
association
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How does LD shape association
Consider causal SNPs

All markers correlated with a causal variant show association.
Lonely SNPs only show association if they are causal
The more you tag the more likely you are to tag a causal variant

Assuming all SNPs gave an equal probability of association given LD status, 
we expect to see more association for SNPs with more LD friends.
This is a reasonable assumption under a polygenic genetic architecture 29



LD score regression

[Yang 2011 EJHG; Bulik-Sullivan 2015]

Quantifies local LD for SNP j 

à regression of test statistic on LD score provides an 
estimate of SNP heritability

Use GWAS summary statistics and reference sample for 
LD score estimation

Test statistic is linear in LD score
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Same principle for genetic 
covariance

31
[Bulik-Sullivan 2015 Nature Genetics]

z = test statistics from GWAS summary statistics
N = sample size
M = number of markers
rg = genetic covariance between traits
r = phenotypic correlation between traits

Ns is the number of 
overlapping samples|



Key concepts

• Mapping QTL by association relies on linkage 
disequilibrium in the population;

• LD can be caused by close linkage between a QTL and 
marker (= good) or by confounding between a marker and 
other effects (= usually bad);

• The power of QTL detection by LD depends on the 
proportion of phenotypic variance explained at a marker;

• Mixed models are good for performing GWAS
• Genetic (co)variance can be estimated from GWAS 

summary statistics
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